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Abstract. We extend a number of results from one dimensional dynamics based on spectral 
properties of the Ruelle-Perron-Frobenius transfer operator to Anosov diffeomorphisms on com- 
pact manifolds. This allows to develop a direct operator approach to study ergodic properties 
of these maps. In particular, we show that it is possible to define Banach spaces on which 
the transfer operator is quasicompact. (Information on the existence of an SRB measure, its 
smoothness properties and statistical properties readily follow from such a result.) In dimension 
d = 2 we show that the transfer operator associated to smooth random perturbations of the map 
is close, in a proper sense, to the unperturbed transfer operator. This allows to obtain easily 
very strong spectral stability results, which in turn imply spectral stability results for smooth 
deterministic perturbations as well. Finally, we are able to implement an Ulam type finite rank 
approximation scheme thus reducing the study of the spectral properties of the transfer operator 
to a finite dimensional problem. 



1. Introduction 

The aim of the present paper is to extend a number of results from one dimensional dynamics 
based on spectral properties of the Ruelle-Perron-Frobenius operator (transfer operator, for short) 
to C 3 Anosov diffeomorphisms on compact manifolds, which allows to develop a direct, and very 
powerful, operator approach to study quantitative ergodic properties of these maps. 

Since the spectrum of an operator depends heavily on the space on which it is defined, the first 
task is to identify a relevant function space. Note that on function spaces where the norm measures 
essentially the size of the functions (like C° or L 1 ), the spectrum of a transfer operator carries only 



= I}, and 
^ Spaces of 



little dynamically relevant information: The Z^-spectrum is always contained in {\z 
for other L p -spaces as well as for C° the same is true if the map is volume preserving, 
more regular functions (like C 1 or W 1,1 ), though they are well adapted to the dynamics of Anosov 
diffeomorphisms in unstable directions, are unsuitable to capture the dynamics in stable directions. 
In fact they would lead to unreasonable spectral radii larger than one. These observations suggest 
to use strongly anisotropic Banach spaces of generalised functions (where the anisotropy is spatially 
inhomogencous as soon as the diffeomorphism is nonlinear). Accordingly, our basic result is: 

(1) We define inhomogeniously anisotropic Banach spaces of generalised functions on which the 
transfer operator is quasicompact and give an explicit bound for the essential spectral radius 
of the transfer operator in terms of expansion and contraction rates of the diffeomorphism. 
(Information on the existence of an SRB measure, its smoothness properties and its statistical 
properties readily follow from such a result.) 

In dimension d = 2 we also prove the following spectral perturbation results: 

(2) Transfer operators associated to certain random perturbations of the map are close, in a 
proper sense, to the unperturbed transfer operator. This allows to obtain easily very strong 
spectral stability results which imply, in particular, stability of the invariant measure, of the 
rate of mixing, of the variance in the central limit theorem, etc. 

(3) Transfer operators associated to maps that are close to each other in the C 2 topology have 
"close" spectrum, although they are defined on different Banach spaces. 
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(4) It is possible to use an Ulam-like discretisation scheme that reduces the computation of the 
spectral data of the transfer operator to the study of a finite dimensional matrix. This allows 
to obtain precise quantitative information on the ergodic properties of a given map (e.g. 
ergodicity, invariant measures, mixing, rate of mixing etc.) and it is a partial, but rather 
satisfactory, solution to the so called Ulam Conjecture. 

The randomly perturbed operators from (2) and also the finite rank approximations from (4) are 
compact operators that can be studied as well on well known function spaces like L p , C°, C 1 . On 
all these spaces they have the same pure point spectrum, and a way to interpret (2) and (4) is to 
say that the actually observed (either in real systems where noise is always present or in numerical 
approximation schemes) dynamically relevant spectrum consists of eigenvalues of finite multiplicity 
and is rather independent of the employed function space. 

The precise choice of the Banach spaces of generalised functions is suggested by two observations: 
Restricted to an unstable fibre the diffeomorphism acts like a (piecewise) expanding map. Therefore 
the generalised densities should behave like functions of bounded variation along such fibres. On 
the other hand, the action of the map on stable fibres is similar to the action of a contractive 
map. Thus the corresponding Banach space should be equipped with a norm related to the weak 
convergence of measures. This is the starting point of our construction and according to this 



idea the norm (|2.1.7|) consists of two parts - one related to the properties 'along' the unstable 
foliation and another one related to the stable foliation. As a result the corresponding Banach 
space heavily depends on the structure of these foliations. This is one of the weaknesses of the 
approach, because generically different maps lead to different Banach spaces. Nevertheless, it is 
still possible to "compare" the corresponding transfer operators by means of a random smoothing, 
as we will see in the discussion of deterministic perturbations. 

The Banach spaces introduced are in fact indirectly related to the cone method used to investigate 
rates of mixing in |H| . It is worth mentioning that the idea to study directly spectral properties of 
smooth hyperbolic systems was proposed earlier by Bakhtin jlj in the analysis of space averagings 



and also by Rugh 37 and Kitaev |30[ in their investigation of dynamical (Ruelle) zeta- functions. 
On the other hand, the analysis of stochastic stability of spectral properties was earlier done only in 
the case of one-dimensional piecewise expanding maps with convolution-like random perturbations 
by Baladi and Young J3| and by Blank, Keller and Liverani for more general classes of perturbations 
and maps in A more specific problem about the stochastic stability of the leading 

eigenfunction - the density of the SRB measure - was firstly studied by Kifer |2{| in the case of 
Gaussian-like random perturbations of smooth hyperbolic maps. 

Outline of the work. We start by discussing C 3 Anosov maps on the <i-dimensional torus. In this 



context we define a proper Banach space in section 2.1 and prove quasicompactness of the transfer 
operator, see section The restriction to T d is motivated only by our choice to present the method 
in the clearest form and not obscured by technical problems. Along the discussion we point out the 
trivial (for people acquainted with the basic facts of differential geometry) modifications needed 
to extend the setting to arbitrary compact Riemannian manifolds. The restriction to C 3 Anosov 
maps could be slightly relaxed by requiring that T and also its Jacobian are of class C 2 . At present 
we do not know how to avoid the additional assumption on the Jacobian. We illustrate the general 
quasicompactness result by a simple example: We give an independent elementary proof of the 
fact that transfer operators of hyperbolic linear automorphisms of T 2 have no eigenvalue (other 
than 1) of modulus bigger than the contracting eigenvalue of the defining matrix. 

The quasicompactness of the transfer operator allows to derive rather directly the existence and 



(well known) essential properties of the Sinai-Ruelle-Bowen measure of T, see section 2.3. 

In section ^4| we consider small random perturbations of Anosov maps of the two-dimensional 
torus T 2 . Here, as above, the choice of the torus rather than any two dimensional compact 
Riemannian manifold is due to our effort not to cloud the ideas presented by unnecessary technical 
details (yet, again, we will comment on how to treat the more general setting). On the contrary, 
the restriction to two dimensions is of a substantial nature. The reason is that in two dimensions 
the stable and unstable distributions are known to be smooth (at least C 1+a ) while in higher 
dimensions distributions can be only Holder, depending on the extreme expansion rates in the 
stable and unstable bundle of the tangent space (see |^5| or the appendix for precise references) . It 
is not hard to see that, if the distributions are smooth, then our results can easily be extended. For 
non smooth distributions the situation is more complex. It is possible that such strong stability 
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results are unreasonable in this case and that only weaker results can be obtained. In particular, 
the spectrum could be stable only far away from the essential spectrum. 

In section 2.5 we investigate smooth deterministic perturbations of Anosov maps on T 2 . Here 
the problem is that the transfer operators are defined on different Banach spaces, hence no direct 
comparison is possible. The key to the comparison is given by the fact that the random pertur- 
bations are compact, hence their spectrum is rather robust when changing the underlying space. 
Therefore the strategy is to compare the spectrum of random perturbations (that can be viewed 
as operators on the same space) and then to use the previous results to conclude the argument. 

Finally, we turn to Ulam finite rank approximation schemes for the transfer operator C as- 
sociated with an Anosov map on T 2 . Here the first problem is that the original Ulam scheme 
consists in taking a conditional expectation with respect to some partition of the manifold. So the 
natural space of functions to consider must contain functions with discontinuities along unstable 
fibres, unlike the functions belonging to o ur B anach space. It turns out, however, that this is 



not the main problem. Indeed, in section 2.7 we discuss an extension of our space which also 



contains piecewise constant functions and on which the transfer operator still has basically the 
same spectral properties as on the original space. Nevertheless it can happen that the discretised 
operator of the original Ulam scheme has "large" eigenvalues quite far from the spectrum of the 
given transfer operator. An example of this pathology is presented in section 2.E. The problem 
can be overcome, similarly as in the previous section, by introducing additional smooth random 
perturbations (compare to the regularisation by random perturbations in |^|, O, p9|). 
In order to facilitate "navigation" in this paper, we provide a detailed list of contents: 
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Open questions. This article does not attempt to exhaust the possibilities of this new method 
but it rather exposes the method in some simple but non trivial cases. It seems clear to us that a 
considerable amount of work is still necessary to understand all the consequences of this approach. 
To extend the spectral stability results to higher dimensional systems and hence to cases where 
the stable and unstable foliation are only Holder continuous is a first task. Then it would be 
interesting to investigate systems with discontinuities and different types of perturbations (e.g., 
pure Ulam approximation schemes). In addition, our Banach spaces do not have the amount of 
symmetry between the stable and the unstable direction that would seem natural. Also, we cannot 
take advantage of the higher smoothness of the map (in the spirit of Kitaev's work |3(J) and 
this certainly requires a deeper understanding. Finally, we would like to mention that, having at 
disposal a well defined operator, the question of the relation between its isolated eigenvalues and 
the poles of the dynamical (Ruelle) zeta function becomes quite a natural one. 
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2. Statements and results 

2.1. Banach spaces of generalised functions. We will consider Anosov diffeomorphisms 

T : Ai — > M. where T is of class C 3 and Ai is a smooth compact Riemannian manifold. 

Let us remind that by Anosov we mean (as usual) that there exist a direct sum decomposition of 
the tangent bundle TAA into continuous sub-bundles E s and E u , that is T X AA — E x © E x , and 
constants A > 1 and < A s < 1 < A„ such thatQ 

(^T)(^)=^ x , \\(d x T n )\ E s\\ < AX", 
l2A ' ]) (d x T)(E%) = E% x , \\(d x T~ n )\ E u\\ < AX~ n , 

for all x <E Ai and n > 0. Let = dim(i7"/ s ). It is well known that for such maps there 
exist stable and unstable foliations (W s (x)) x ^m an d {W u (x)) x ^m- Each sing le W s l u {x) is an 
immersed C 3 sub-manifold of Ai, and T y W s ^ u (x) — E x u for any y S W^ S// "(a;). The dependence of 
£ s / u (a;) and W s / U (x) on however, is only Holder in general-see the appendix for further precise 
information on the relevant properties used throughout the paper. We will denote by r the optimal 
common Holder-exponent for both distributions. This exponent depends in a well understood way 
on various contraction and expansion coefficients of the transformation, and there are a number of 
cases where the foliations are indeed C 1+a for some a > 0. 

Some of the results of this paper are proved only under this stronger C 1+Q -assumption. However, 
in order to make transparent where in the proofs we really use the C 1+Q -property, we will argue 
with the C T -property with < r < 1 whenever this is possible without any trouble, and use 
the C 1+Q -property with < a < 1 only in more delicate estimates. (This includes to set t = 1 if 
necessary.) We believe that, with considerably more effort, one could weaken the C 1+Q -assumption. 

The map T induces naturally a map on the Borel measures on M defined by 

T*n{f) := n(f o T) V/i S M(M, R) and / e C°(M,R). 

It is immediate to verify that, if /i is absolutely continuous with respect to the Riemannian volume 
m, then T*/i is absolutely continuous with respect to m. Given this fact, it is possible to define 
the evolution of the corresponding densities: 

^ dn _ d{T*n) 
dm dm 

The above defined operator C is usually called the Perron- Frobenius or the Ruelle-Perron-Frobenius 
or the transfer operator. There are numerous papers where such operators are used to investigate 
statistical properties of expanding systems. The aim of this paper is to show that such a strategy 
can be successfully extended to Anosov systems. 

A direct computation shows that C has the following representation: 

(2.1.2) Cf = foT- 1 -^^-=:foT- 1 -g V/ e L l (M,m) 

dm 

where g G C 2 (A4)J^] 

To study the spectrum of the operator C we need to specify the space on which such an operator 
acts. Indeed it is quite clear that the spectrum of L on L 1 (A / l n m) carries only little interesting 
information, cf. the discussion in the introduction and footnote u. Instead we construct a space of 
generalised functions which behave more or less like functions of bounded variation along unstable 
manifolds whereas they look like signed measures (equipped with a weak topology) along stable 
manifolds. 

We start by defining a suitable set of test functions to control the stable direction. For points 
x, y € M. with y £ W s {x) we define d s (x, y) as the distance between x and y within the Riemannian 
manifold W s (x) (which inherits its Riemannian structure from Ai). Fix some 6 > 0. For < (3 < 1 



2 By dT we denote the differential of T, clearly d 3 
then d x f : T X M 



T : T X M -* T Tx M. Similarly, if / : M 



is diffcrcntiablc, 



3 Note that, if M = T d , then in (2.1.2) g(x) = det(D a; T- 1 ) 
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and bounded measurable <p : M. — > R, we define^] 

(2.1.3) H$(cp) := sup '^-y ■ 

Here the supremum is taken over all pairs of points a; and y such that y S W s (a;). Clearly, if| is 
a seminorm, and we use it to define 

(2.1.4) Vp := {p : M -> E : <^ measurable, < l,H$(<p) < 1}. 

In order to control the unstable direction we provide a set V of measurable test vector fields 
v : .M — * T.M adapted to the unstable foliation in the sense that v(x) € -E" for all a; € jM. 

Given the fact that x i— > Kjf is, in general, only r-Holder for some r < 1 we cannot ask the 
vector fields to be globally more regular than that. By a slight abuse of notation we define^] 

(O 1 K\ tjs( \ IK 35 ) ~ V (V)\\ 

(2.1.5) ff^v) := sup . 

d(z,i/) s <<5 « (£> 2/r 

Then we will consider the vector fields 

(2.1.6) Vp:={veV : < 1; H s {v) < 1} . 
From now on we will always assume that 

< < 7 < 1 • 

Using the above defined classes of test functions and test vector fields we now define the norms 
that will describe our Banach spaces of generalised functions. For / £ C 1 (A4,M.) let 

||/|| s := sup / fipdm 

\\f\\ u := sup j M df(v)dm 

(2 1 7) veVf) 

{ ' ' ' ll/l|:=ll/ll« + 611/11. 

\\f\\ w := sup / fipdm. 

where J M df(v)dm is short hand for J M d x f(v(x))m(dx). The constant b > 1 will be specified 
later. Except for |j • ||„, which is only a seminorm, all these expressions define norms on C 1 (A1,IR) 
and 11/11™ < < b- 1 \\f\\. Note that the above norms are inhomogeniously anisotropic because 
the stable and unstable directions are treated differently and may change from point to point. 

Definition 2.1.1. B{M.) and B W {M.) denote the completions ofC 1 {Ai 1 M) w.r.t. the norms || • || 
and || • || W) respectively. 

Each / € C 1 (A'J,IR) naturally gives rise to a bounded linear functional on C 1 (A1,M) by virtue 

of 



(/>¥>) : = / fipdm . 
Jm 

Obviously, ||/||£i < \\f\\w < 11/11 < II /lie 1 - Therefore there exist canonical continuous embedding 
(not necessarily one-to-one) 

C X (.M,IR) B(M) -> B W {M) C^M.M)* . 

In fact, each / £ B w defines a bounded linear functional on C 1 (A4, M) by (/, <p) := lim, woo (/„, y>) 
where /„ £ C 1 (A1,M) and lim 

n— *oo 11/ ~ /n||iu — 0. In the same way one can embed Z?(.A4) into 

B W (M). 



4 The <5 in the definition is fixed once and for all, yet it must satisfy various smallness requirements that will be 
specified as we proceed in the discussion. 

5 To compute the difference between two tangent vectors at different (close) points we parallel transport one of 
them to the tangent space of the other along the geodesic. We will not mention this explicitly, since it is completely 
trivial on M = T d and it is a routine operation on general Riemannian manifolds, see e.g. [ha, Section 2.3]. 
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Remark 2.1.2. Note that although the embedding o/C 1 (A^,M) into each of the other three spaces 
is one-to-one this need not be true for the other embedding. We have a closer look at the embedding 
of B(Ai) into B w (Ai), but the same remarks apply to the embedding into C 1 (A^,R)*. 

As a functional on the dense subspace C 1 (A / f,IR) of B(A4) the map f > \\f\\ w is Lipschitz 
continuous, so it extends to all of B(Ai). This extension may be only a seminorm, however. 
Therefore, if we consider B(Ai) as a linear subspace of B w {Ai), we really mean B(M)/N W 
B w (Ai) where N w is the closed linear subspace {/ G B(Ai) : = 0}. 

Nevertheless, with an abuse of notation, we write B(Ai) C B w (Ai), where the inclusion must be 
interpreted in the above sense. In particular, for f G B(Ai), \\f\\ w can denote the seminorm \\ ■ \\ w 
of f (which generally will be the case), or it can be the norm of the element f + N w £ B w (Ai). 
Both interpretations are equivalent for our purposes. 



Remark 2.1.3. Since the space C 1 (A / 1,1R) is separable, since the norms \\ ■ \\ and \\ ■ \\ w are weaker 
than the C 1 (A'1,]R) norm, and since C 1 (A / t,K) is dense both in B(Ai) and B w (Ai) by construction, 
it follows that the Banach spaces B(Ai) and B w (Ai) are separable. 

Note that the unstable seminorm is given by a formula that does not extend to all of B(Ai), 
since for general elements of that space there is no way to make sense of the differential. The 
obvious way to compute for general / £ B(Ai) would be to approximate / by functions from 
C 1 (A4,M.). Since this is not always desirable, it is sometimes convenient to write || • || u in a way 
that applies directly to any element of B(A4). The following Lemma is step in this direction. 

Lemma 2.1.4. Let U C Ai be a sufficiently small open set. There are r-Holder vector fields 
{Vi}f^ 1 in U which, at each point x € U , form a basis of E u (x) and which, restricted to each 
unstable manifold, are C 1 vector fields. 

These vector fields can be constructed such that there exist constants C > and [3 1 £ (0, r) with 
the following property: Given any ip £ (Ai , R d " ) with suppy? C U which is C 1 when restricted 
to any unstable manifold, let V v := X^iV 3 *^- Then C~ X V V S Vp, and there exists a measurable 
function A : M — > M d " such that C~ 1 A l e V^(M) and such that, for each f € C^A^R), 

/ df(V 9 )dm = - fy2d(pi(Vi)dm+ / fS~\Ajipj dm. 
jm JM l JM t 

Observe that d(pi(Vi) is well defined because V%(x) € E u [x) for all x, although the ifi need only be 
Holder continuous in stable direction. This point is further clarified in the proof. 



Remark 2.1.5. On the torus T 2 there is the normalised (and oriented) unstable vector field V% = 
v u which is even of class C 1+a for some a > (see the appendix for details). Hence A\ = — div(Vi) 



in 



this 



case. 



Since it is easy to check that the choice of a different basis changes only the functions Ai in the 
above formula one could dehne the unstable norm - locally - by 



sup 

v eC I (C/,K 



Xw/Ei dtp t (Vi)dm 







provided one is willing to choose (3 < f3' . Yet, for this reason and since it would be a bit cumbersome 



to extend globally the above definition, we prefer to work with the norm (2.1.7). For the special 
case Ai = T 2 a related problem is encountered in the proof of Lemma 2.7.1. 



The proof of Lemma 2.1.4 is best done in local coordinates introduced in section ^6 and so it 
is postponed to section 3.7. 



2.2. Quasi-compactness of the transfer operator C on B(A4). To simplify the exposition 
we will give precise statements and complete proofs only for the case Ai = T d . Nevertheless we 
will indicate for the results of this subsection and in the course of their proofs the modifications 
necessary in order to deal with general manifolds. 



Our assumption that T is of class C 3 implies that the Jacobian g of T (see ( 2.1.2 )) is of class 
C 2 ; in fact, we will use only that is of Class C 1+l3 . 
Our first result is a Lasota-Yorke type inequality. 



RUELLE-PERRON-FROBENIUS SPECTRUM FOR ANOSOV MAPS 



7 



Lemma 2.2.1. Suppose f3 < min{r, 1} and 7 € 1]. XTien £ extends naturally to a bounded 
linear operator on both B W (M) and B(A4). In addition, for each a > maxjA^jAf}, we can 
choose constants b and 5 in ftq.l.ty - \2. 1 . \ ) f or which there exists B > such that, for each 
f € B(M), we have 

\\C n f\\ w <A\\f\\ w and \\C n f\\<3A 2 a n \\f\\+B\\f\\ w for n= 1,2,... 
where A is the constant from ( 2.1.^ ). 

This clearly implies that the spectral radius of £ is bounded by one both on B W (M) and B(M). 
Thus sp(£) C {z S C : |z| < 1}. To exploit Lemma 2.2.1 further, we need the following fact. 



Proposition 2.2.2. If 7 • min{r, 1} > (3, then the ball B\ := {/ € S(.M) : ||/|| < 1} is relatively 
compact in B w {M)sA 



The proof of Lemma 2.2.1 is given in section 3.1, that of Proposition 2.2.2 in section |3i) 
From these two results the quasicompactness of £ follows along classical lines fl~ 



A more 

recent argument, which is based on the Nussbaum formula, also provides an estimate on the 
essential spectral radius: 

Theorem 1. Suppose that 7 • min{r, 1} > j3. Then, for each a > maxjA,^ 1 , }, the operator 
£ : B(M) — > B(M) has essential spectral radius bounded by a and is thus quasicompact. 

An immediate consequence of Theorem [j] is that for each constant r € (<r, 1) the portion^ 

sp r (£) :— sp(£) \ {z G C : \z\ < r} 

of the spectrum consists of finitely many eigenvalues Ai, . . . , A p of finite multiplicity. Denote by 
III, . . . , n p the corresponding spectral projectors and let II := Idg — Y^=i H'- Then rank(rij) < 00 
(j = 1, . . . ,p), and the spectral radius p sp (£TV) < r. The next lemma shows that sp r (£) and the 
spectral projectors Hj are the same on B(Ai) and on B(A4)/N W , cf. Remark 2.1.2 . 

dominates the norm II 



Lemma 2.2.3. Restricted to (Idg — H)(B(A4)), the seminorm \\ 
that its restriction is actually a norm). 

Proof. Since ||£~™(Idg — LI) | < const -r~ n , we have for / = (Idg —II)/ and each neN 

(fx \ n 
-) 11/11 + const -r- n B\\f\\ w 

where we used Lemma |2.2.1 for the last inequality. Choosing n such that const -A 2 (7)" < 



(so 



follows that 11/11 < 2constT-"B||/|| 



it 
□ 



Remark 2.2.4. Although the norms || ■ || and || ■ \\ w depend on constants b and 6 which will be 
determined in the course of the proofs, they are equivalent for any two choices of these constants. 
So the spectral assertions in Theorem ^ do not depend on them. 

Proof of Theorem ^. For the reader's convenience we recall the brief argument from |2^] which 
deduces the estimate on the essential spectral radius from Nussbaum's formula J34| . Let e > 0. 
Since B\ is relatively compact in B w , there are fx, . . . , /at £ Bi such that Bx C (J i=1 U e (fi), where 
Uetfi) ={/£B: ||/ - fi\\ w < e}. For / e B x n U e (f t ), Lemma pi implies that 



\£ n (f-fi)\\ <SA 2 a n \\f-fi 



3A 2 B 



\\.f-M 



< 6A 2 c 



3A 2 Be 



1 — (7 1 — a 

Choosing e = a n we can conclude that for each n € N the set C n (Bx) can be covered by a 
finite number of || • || -balls of radius Ccr™, C — 6 A 2 + 3 ^_^ ■ This is precisely what is needed 
to apply Nussbaum's formula, which states that the essential spectral radius of C is at most 
liminfn^oo \/ Ca n = a . □ 

The above result allows to obtain a quite precise picture of the spectrum of C, yet some more 
can be easily seen. First of all notice that C is invertible and £ _1 is nothing else than the transfer 
operator asso ciated to the map T . Then the following bound (the proof can be found at the end 
of section 3T) holds. 



"This assertion can be interpreted in either of the two equivalent ways discussed in Remark 2.1.2 
7 By A \ B we mean the symmetric difference of the sets A and B. 
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Lemma 2.2.5. Let fx s , fi u , fj, s < A s < 1 < X u < fj, u > the maximal contraction and expansion rate 
of T , respectively^ Then we have the following bound for the spectral radius of C^ 1 : 

Accordingly, the essential spectrum of C must be contained in the annulus {z G C : /i,,^ 1 < 
\z\ < cr} as shown in figure [l]. 




Figure 1 . Region containing the spectrum of the transfer operator 



Example 2.2.6 (Eigenvalues of linear automorphisms ofT 2 ). Let A be a 2 x 2 integer matrix 
with det(A) = 1 and trace different from {—2, . . . , 2}. Then A has eigenvalues Aa and A^ 1 with 
|Aa| > 1, and T(x) := Ax mod Z 2 defines a hyperbolic automorphism of T 2 . The stable and 
unstable fibres are just the straight lines in direction of the eigenvectors for A^ 1 and Aa, respectively. 
Therefore r = 1 + a > 2, and we can choose for the definition of our norms 7 = a = 1 and f3 S (0, 1) 
as close to one as we wish. Denote by C the transfer operator for T. We show here that for any 
choice of (3 e (0, 1) 

(2.2.1) eigenvalues(£) C {z G C : | jar] < A^ 1 } U {1} 

and that 1 is a simple eigenvalue. In view of the bound for the essential spectral radius of C 
established in Theorem [l] it follows that 



sp(£)C {zgC : \z\ <A/}u{l} 



This fact is not only a concrete illustration of our Theorem [[} but also its proof introduces in 
a highly simplified setting some of the ideas that will be worked out later in more generality. 
Therefore, in spite of the relative simplicity, we provide many details. 

So suppose that Cf — Xf with |A| > A^ 1 and / G Bp (where the index of B indicates the actual 
choice of (3 we make). Since T>p D Dp for each (3 G [/3q, 1), we have Bp C Bp and hence also 
f E Bp for each such j3. In particular we can choose /3 G [floi 1) such that |A| > A^' 3 . 

Since / Chdm = J hdm for all h G C X (T 2 ), it follows that X(f, 1) = (Cf, 1) = (/, 1), so that 
either (/, 1) = or A = 1. In the latter case, if 1 is not a simple eigenvalue, there nevertheless exists 
some / G B(T 2 ) with Cf = f and (/, 1) = 0. (Observe that because of \\C\\ W < 1 the eigenvalue 1 
is semisimple.) So we will assume (/, 1) = from now on. 



Our goal is to show that ||/|| =0. As a first step we consider ||/|| u . Let v G Vp (see (2.1.6)) and 



observe that v is in direction of the unstable eigenvector of A. Observing the fact that T leaves 



8 By this we mean ||DT- n || < A/i™, \\DT n \\ < Ap% 
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the Lebesgue measure on T invariant, we have for each h G C (T ) 

/ d(£h){v)dm = d(hoT- x )(v)dm= d/i T -i :E (A~ 1 (w(a;))) m(dx) 
Jt 2 Jt 2 Jt 2 



dh x (A~ L (v(Tx))) m(dx) = A^ / o T) dm 

t 2 Jt 2 

Since IvoTloo = \v\oo and since H^(voT) < Hp{v) (T contracts in stable direction!), also voT e V/3, 

and it follows that < 1 1 1 1 1 ^ . Of course, this estimate extends to all elements of B(T 2 ) 

and in particular to /. So \\f\\ u = | J\ x | • ||£/|| u < |AAa| _1 • \\f\\ u , which implies \\f\\ u = because 

|AAa| > 1 by assumption. 

In order to show that also ||/|| s = 0, we use the flow St which moves points at unit speed along 

unstable fibres. Then, for each h S C X (T 2 ) and x £ T 2 , integration by parts yields^ 

i J h(s t x) dt = h( x ) + i- J h^s^e^dt 

where hi(x) — d x h(v u ), v u denoting the normalised unstable eigenvector, and 0(t,r) = —t + r- 
sign(t). So, if (f S Vp, then 

(2.2.2) 

(h,(p) 

— / h(Stx)dt) ip(x)m(dx) — [ ( — / hi(Stx) 0(t, r) dt ) (p(x)m(dx) 
T2 V 2r J_ r J J T 2 \2r J_ r J 

— — / ( / h(Stx) tp(x) m(dx) ) dt / [ / hi(Stx) 8(t, r) (fix) m(dx) ) dt 

2r J_ r \J T 2 J 2r J _ r \J T 2 J 

= — / ( / h(x) ip(S-tx) m(dx) ) dt / ( / hi(x) 6(t, r) (p(S-tx) m(dx) ) dt 

2r J- r \Jt 2 J 2r J _ r \J T 2 ' J 

= J 2 (i / *) h ^ m(dx) ~ 2r J 2 dxk (/ <^ 5 -* x ) J^f 6 ^' r) dt ' yU ) m ^ 

Suppose now that w : R -> M is bounded with \w(t)\ dt < 1. Define <p w : T 2 -> K by 
tp w (x) = <p(S-tx)w(t) dt. Then, if y e W s (x) with d(x,y) < S, 



fw(y)-fw(x)\< / \ip(S- t x) - ip(S- t y)\ w(t) dt < Hp(tp) d(x,y) 







because S-tX € W s (S-ty) and d(S- t x, S- t y) = d(x,y). Since also |v?™|oo < Mooj it follows that 
<p w G Vp. Therefore, the integrals in brackets in the last line of ( |2.2.2 ) are, as functions of x, 
elements of "Dp. So, the second one multiplied with v u is a vector field from Vp. Hence 



T 2 



1 



d x h ( / tp(S- t x) 9{t, r) dt ■ v 11 ) m(dx) 



< \\h\\u. 



Accordingly, setting 

1 r 

■= — J ip(S-tX) dt, 

for each sequence {/„} C C 1 such that f n — > / in B(T 2 ), holds 

(2.2.3) \(f,<p)\ = | Um(f n ,<p)\< lim | (/„, <p r ) \ + 2r lim ||/„||„ = |(/, <p r )\. 

n — ^oo n— >oo n — >oo 

On the other hand 

(/ )¥V ) = \- n (£ n f,<p r ) = (/,A-> r oT"). 
To conclude just notice that 

ff|(A-> r oT«)<|A|-"AX n/3 

I \|— n \n 
\D U (\~ U (p r O T n )\ < -LJ — , 



9 Just integrate separately from — r to and from to +r. 
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where D u stands for the derivative along the unstable direction. Since estimate (2.2.3) is uniform 
in r we can choose r = r„ := Af", which implies that the /3-H61der constant (in all directions!) of 
<p Tn : = \- n (p rn o T n is at most 2|A|-"A~ n/3 . Accordingly 

0r„ ~ f i>r n dm < 25- 1+(} {\\\\ f l )-". 

The above estimate means that h{<pr n — J dm)A n A^ nl3 5 1 ~P G T>p for each n E N. Observing 
also that I j (p Tn dm\ < oo for all n and that |A|A^ > 1 we conclude 

I </,¥>> I < K/^rJI < 2<J- 1+ ^(|A|Af)-"||/|| fl + km; 

=0 



yv„ dm 

T 2 







as n — > oo. Since this holds for any ip G T>p, this implies ||/|| s = and finishes the proof. 

2.3. Peripheral spectrum and SRB measures. Recall that sp r (£) := sp(£)\{z eC: \z\ < r}. 
If r is sufficiently close to 1, then sp r (£) contains only eigenvalues of modulus 1, and since \\C\\ W < 1 
(see Lemma |2.2.1 ), these eigenvalues are semisimple so that CHj = XjHj for j = 1, . . . ,p. We will 
call peripheral spectrum the set {A G sp(£) : |A| = 1}. This spectral decomposition allows to 
reproduce easily some well known facts from the ergodic theory of Anosov diffeomorphisms. 
First of all, if |A| = 1, then 

(2.3.1) n A := lim - V X~ k C k = V lim - V ( *f) " Uj = f Uj if A = Aj 

n^oo n f— ' f— f n^oo n f-^ 1 \ X J otherwise 



exists in the uniform || • || - operator norm. In particular II j = Hxj. Since, by Lemma |2.2.1 



-1 n-l 

(2.3.2) ||n Aj ./|| < lim - V \\C k f\\ < lim - V (3AV||/|| + B\\f\\ w ) = B\\f\\ w 

fc=0 fc=0 



for all / G C 1 (A^,M), the finite rank operators IL, extend continuously to an operator from B W {M) 
to B{M) and hence a fortiori from C°(.M,R) to and also from L X (.M,R) to B(.M). Since 

C 1 (A^,M) is a dense linear subspace of B !1J (A / () and since each IT, has finite rank, we have 

(2.3.3) Uj(B w (M)) = Dj^tM,!)) = II,-(fl(A4)) . 

In the following proposition we characterise these projections more precisely. 

Proposition 2.3.1. For each h G TLj(B(M.)) there is a finite signed Borel measure ph on M. such 
that (h,tp) = J ifdfj,h for all ip G T>y. Moreover, X\ := 1 G sp(C), /j, := /iriii is a positive measure, 
p(A4) = m(.A4), and all p^ are absolutely continuous with respect to p and < ||/||oo ^-almost 
surely for each f G C 1 (A / 1) suc/i f/iai 111/ = ft. Finally, 
a) T*fih = M/i /or a// ft G IIi(S(A / t)) and 

6) «/ Ai = 1 is a simple eigenvalue, then Tlif = (/, 1) ■ IIi 1 for all f G B W (M). 

In addition, it is possible to further characterise the invariant measures. The proofs of the above 



and the following proposition can be found in section 3.2 



Proposition 2.3.2. The measure n is a Sinai-Ruelle-Bowen (SRB) measure in the following 
sense: 

a) The measure p is the weak Cesaro-limit of the Riemannian measure under the dynamics; 

b ) The ergodic decomposition of the measure p is determined by the eigenspace of C associated to 
the eigenvalue 1. More precisely, there exists a finite basis {hi} of this eigenspace and measurable 
T-invariant sets Ai C A4 with p(\J i Ai) = 1, such that the measures Hi(A) := p(A n Ai) are 
ergodic and, for each ip G T> 1 , J ipdpi — (hi,ip). 

c) For all ip G C°(A4,M.), the limit ip + (x) := lim ~ f ° T l (x) exists m-a.e. and takes only 

finitely many different values. If p is ergodic, then (p + (x) — J ipdp for m-almost every x. 

d) For each h G Wj{B{M)) the measure ph, locally conditioned to the unstable foliation, is abso- 
lutely continuous on p-almost every fibre with respect to the Riemannian measure on the fibre. 
In addition, the density is a function of bounded variation. 
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Observe that although the spectral assertions on C stated in Theorem |T| do not depend on the 



constants 5 and b entering the norm || • || (see Remark 2.2.4), quantities like the norms of \\C 



\\CH\\ and \\Hj\\ are affected. 

2.4. Spectral stability — Smooth random perturbations. It is well known that the Sinai- 
Ruelle-Bowen measure of a mixing Anosov diffeomorphism is stable (in the sense of the weak 
topology on measures) under sufficiently smooth small random perturbations, see e.g. fl28j , Q 
for the case of Gaussiandike random perturbations. Further results and a list of references on 
stochastic stability of SRB measures can be found in j|] . In terms of our spectral decomposition 
this means that the eigenvector h = IIil of £ is stable under perturbations. In this section we 



assert much more: The full spectral structure of C outside the disk with radius a (see Lemma 2.2.1) 
does not change much under small perturbations. As we noted already in the introduction, the 
smoothness of the stable and unstable foliations, which plays an essential role in the proofs, is 
automatically guaranteed only in the two-dimensional case where the foliations are C l+a for some 
a > 0. Therefore, and in order to avoid some other technical problems, we give the full proof 
only for the case M. = T 2 . Nevertheless we describe the setting and prove some partial results in 
greater generality in order to point out more clearly where problems due to higher dimensions do 
arise. 

We start by introducing a class of small random perturbations. 

Definition 2.4.1. a) A kernel family is a family of measurable functions q £ : T 2 x T 2 — > M + , 
e G (0,1], such that 

q £ (x,y) =0if\x-y\>e. 
For (x,£) G T 2 x K 2 we denote^ 

Qs(x,0 := q e (x,x + £) . 

b) A stochastic kernel family is a kernel family satisfying additionally 

q e (x, y) m(dy) = 1 for all x G T 2 . 

M 

c ) An admissible kernel family is a kernel family of continuously differ entiable functions q e which 
satisfies some additional regularity properties. To state them we denote diq £ (x,£ l ) :— J^q £ (x,t;) 
and d2q e {x,C) '■= -^q E (x,S,). We require that there is a stochastic kernel family (p £ )o<e<i such 
that for each e > the functions q e , d\q e and e ■ c^cfe are e _1 -dominated by p e in the sense of 
the following definition. 

Definition 2.4.2. Let q e : T 2 x T 2 — » M. k , k > 1, and let (p e )o<£<i be a stochastic kernel family 
with the property that for each < s' < e there exists a constant C > such that p £ '(x,(,) < 
C p e (x,£) . We say that q e is e _1 -dominated by p e if there are some a,M > such that, for each 
< s < 1, 

(2.4.1) \qe(x,0\<Mp ae (x,0 

(2.4.2) \q e (x,0-U*,0\ <Md(x,z) a p aE (x,0 

(2.4.3) Mx,S)-q e (x,Q\ < M e- 1 d(x + Z,x + () ■ (pae{x,0 + Pas(x,0) 



Remark 2.4.3. Requirements ( 2.4-1 ) and (2.4-i ) imply that q s (z,£) < 2Mp a£ (x, !;) ifd(x,z) < 1. 



Remark 2.4.4. A typical example, of which the present setting constitutes an obvious generalisa- 
tion, is the perturbation on T 2 given by 

Qe(x,y) = E~ 2 q{e~ l {y - x)) 



10 This definition can easily be extended to general manifolds M. Just introduce, in a neighbourhood U of x, 
normal coordinates via the exponential map exp^. and identify isometrically the tangent space T X M with K d . Then 
define: 

g s (z,0 ■= qe(z,e^p x (eyLp- 1 (z) +£)). 
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where q is nonnegative and continuously differentiable, supp(q) C £ I 2 : |£| < 1}, J d£ = 1 
and inf{g(£) : |£| < |} =: lj > 0. In this case q £ (x,£) — £~ 2 <7(£ _1 £)> = an d ^2q(x,^) = 

e _3 g'(e _1 ^) so that q £ , d\q £ and e~ x diq £ are e~ x -dominated by q £ with a — 2 and M = 1 1 1 ^| I c 2 - 

Combined with a deterministic transformation T, any stochastic kernel q e gives rise to a Markov 
process (X^)„>q on T 2 where Xq can have any probability distribution and 



P{Xl +1 e A | XI) = f q e (T(X*),y)m(dy) 

J A 



Definition 2.4.5. A family (X^)„>o associated to an admissible stochastic kernel family is called 
a small random perturbation ofT. 

If the distribution of X^ has density / with respect to m, then the distribution of X^ +1 has 
density Q £ Cf where 

Qef{y) ■= / f{x)q e {x,y)m{dx) . 
Jt 2 

Obviously Q £ extends to B W (T 2 ) by continuity. If ip G C°(T 2 ,R) is an "observable", then the 
conditional expectation of tp(X^ +1 ) given X^ is Q*(p(TX^) where 

Qtv( x ) = / Qe(x,y)(p(y)m{dy) . 

In particular, Q*l = 1. Both operators are dual in the sense that 

(Q e f,ip) = {f,Q* e <p) . 

We will call the operators Q £ smooth averaging operators]^ 

As already mentioned, the results of this section make much stronger use of regularity properties 
of the foliations than did those of the previous section. Indeed, we assume that the unstable 
distribution is C T , for some r -l>a> 7 >/3>0.Q 

The first basic estimate is stated in the following lemma. 

Lemma 2.4.6. Suppose that the unstable foliation is C T , r— l>a>7>/5>0. Then any 
smooth averaging operator can be extended in a unique way to a continuous operator on B(A4) and 
one can choose S (small) and b (large) in such a way that there exists K > with 

||Q e || w <lf and ||Q e /||<3||/||+iq/|| ro 

for all sufficiently small e > and all f € B{M). 

Remember from the previous discussion that the transfer operator associated to the randomly 
perturbed system is defined by 

C £ := Q £ C . 

The operators C £ satisfy a uniform Lasota-Yorke type inequality. 

Lemma 2.4.7. Assume that A4 = T 2 . There is a constant B' > such that for sufficiently small 
e > and each neN 

\\£ n £ \\ w <B' and \\C-f\\<9A 2 <j n \\f\\+B'\\f\\ w 

for allfeB{M). 

To state the next relevant fact it is helpful to introduce a special norm for operators that involves 
the strong and the weak norm and was used previously in |26|, . 

IHQelH := Sup ||Q e /|U- 

UeB(M)-. ||/||<1} 

Lemma 2.4.8. Assume that Ai = T 2 . There exists a constant K > such that 

|||Q £ -Id|||<i^- /3 . 



It is interesting to notice - and it will be used in th e following - that the product of smooth averaging operators 



is again a smooth averaging operator, cf. Lemma 3.3.1 

12 This is always the case if the unstable foliation has codimension one or if the "gap" between the weakest and 
the strongest contraction rates in the stable sub-bundle is sufficiently small, see the appendix for more details. 
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Lemma 2.4.8 implies 
(2.4.4) 



£111 < WCWKe^-P . 



The proofs of the last three lemmas are furnished in section Estimate ( [2. 4. 4 ) together with 



2.4.7 allow to supplement Theorem |l| with a rather strong result on spectral stability under 



Lemma 

smooth random perturbations. Indeed, the following is a direct consequence of 

To formulate the result precisely we need some preparations. Fix any r G (er, 1) and denote by 
sp(£) the spectrum of C : B(M) — > B(M). Since the essential spectral radius of C does not exceed 
er, the set sp(£) n {z £ C : \z\ > r} consists of a finite number of eigenvalues Ai, . . . , X p of finite 
multiplicity. Changing r slightly we may assume that sp(£) fl{z£C: \z\ = r} = 0. Hence there 
is <5* G (0, r — a) such that 

|Ai-Aj|xy, (i^j) 
dist(sp(£),{|z| = r}) > 6* 
It is shown in pT], Theorem 1] that, given S < <5*, for sufficiently small e the spectral projectors 

1 



n 



(2.4.5) 



2m 

IlM := — 

2m 



(z-C^dz 

{\g-\j\=S} 

{z-C e )- l dz 



>{\z\=r} 

are well defined (and do not depend on $). Finally we set 77 := 1 — and observe that < r\ < 1. 
Further results that follow directly from |27j] can now be summarised as follows. 

Theorem 2. Let T : T 2 — > T 2 be a C 3 Anosov diffeomorphism. For each 5 £ (0, <5* 
£0 = £0(^1 r ) such that for e G [0, eq] holds: 



there exists 



a) There is K\ — K\{5, r) > smc/i </iat 
&J rank(n^ ,<5) ) = rank(n^' 5) ) 



in 



n, 



lim 6 ^ |||n 



(r) 



n 



(r). 



0. 



d) There is K 2 = K 2 (S, r) > such that ||>Qn[ r) || < K 2 r n for all n G N. 

For later use we provide the key estimates from |2^] that are behind the previous theorem. 

Proposition 2.4.9. In the situation of Theorem^ there are constants £q = eo(6,r), a = a(r), 
b = b(d, r) and c = c{5, r) such that for e G [0, £0] a> n d z € C with r < \z\ < 2 and dist(z, sp(C)) > 5 

(2.4.6) ||(z-£ £ )-7ll <a||/|| + 6||/|U for all f G B(M) 
and 

(2.4.7) \\\(z- Cc)- 1 -(z- C)- 1 ]]] < CE "(t-« \\(z £)-i\\ . 



Remark 2.4.10. The constants £0,0,^ and c are explicitly determined in the proofs of |27 . For 
the present setting one can deduce that a and c depend on the map T only through the constants 
a and B from Lemma 2.^."i. (Working through the proof of that lemma one notices that a and 



LV change continuously under small C 2 -perturbations ofT.) The constants £0 an d b depend on T 
through a and B' , and also through the quantity 

(2.4.8) H{S,r) := sup {|| (2- Cy 1 \\ : z G C, \z\ > r, dist(z, sp(£)) > 5} . 

Remark 2.4.11. In the next section we will have to deal with perturbations of the type Q £ CQ e . 
Proposition 2.4-(\ applies to these operators as well. To see this note that 

|||Q s £Q e -£||| < ||£ s || w -|||Q e -Id||| + |||Q e -Id|||-||£|| < const -e^ 

and that the estimates from Lemma 2.4- ^ carry over from C e to Q e CQ £ because (Q £ CQ £ ) n = 
Q e £(Q 2 .£) n ~ 1 Q e , and Q 2 is a again smooth averaging operator, cf. Lemma 3.3.1. 



Quasi-compactness in dimension d = 2. We finish this subsection with a short proof of 
how to deduce the quasicompactness and the estimate for the essential spectral radius of C in 
the two-dimensional case without relying on Proposition 2.2.2] (compact embedding). Instead we 
use Lemmas 2.4.6 and 2.4.8 (hence assuming that r — 1 > 7 > /3). Since, by Lemma 2.2.1 
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|| C n — C n Q e \\ < cr n \\ Id — Q £ \\ + ^jr^HI Id— Q e |||, the two above mentioned lemmas guarantee that 
one can choose e so small that \C n — C n Q £ \\ < const a n . But the C n Q £ are compact: 



(2.4.9) 



compact 



C°(M, 



conts. , . C" 

^ B W (M) — 



B(M) 



so |14j Lemma VIII. 8. 2] implies that C is quasicompact with essential spectral radius bounded by 
liminfn^oo \/ const a n = a. 

2.5. Spectral stability — Deterministic perturbations. The next natural question concerns 
the relation between the spectrum associated to two Anosov maps T and T when the two maps 
are C 1 close. Clearly the associated operators Ct and Cf live on different Banach spaces B(Ai) 
and B(A4), respectively, so their spectra cannot be compared directly. However, denoting R(z) = 
{z - Ct)- 1 : B(M) B(M) and R(z) = (z - Cf)- 1 : B(M) -> B(M) (at points z where they 
are well defined), both these resolvents can be considered as linear operators from C 1 (A^,M) to 
C l (M,R)*, because^ 

(2.5.1) H/HSi < H/IU < ll/H <||/|| c i and also ||/|| cl < ||/||~ < ||/||~ < ||/|| c , 

for each / S C x , where || • \\ w , || • || and || • ||~, || ■ ||~ denote the norms associated to T and T, 
respectively. By the same reason also the corresponding spectral projectors (see (2.4.5)) can be 
interpreted as operators from C 1 (A4, M.) to C 1 (A'J, K)*, and since their ranges are finite-dimensional, 
there is even no big loss in doing so. Therefore the clue to comparing the spectra of Ct and Cf is 
a good bound on ||i?(.z) — -R(-2)||c 1 ^(c 1 )*i which in turn is obtained by approximating both transfer 
operators by suitable randomly perturbed operators. 

Proposition 2.5.1. Given an Anosov map T : T 2 — > T 2 and a constant K > ||T||c3, a real number 



r bigger than the constant a associated with T in Lemma 2.2.1 and some S > 0, there are constants 
k = k(T), Ci — Cj(T, K,r,S) and £q = £q(T, K, r, S) such that for each map T : T 2 — > T 2 with 
dist c i (T, T) < i and \\f\\ C 3 < K 

(2.5.2) \\R(z)\r<C and 

(2.5.3) \\R(z) - R(z)\\ c i^w < Ci • dist c i(f ,T)^-V 



Ion 



provided that \z\ > r and dist(z, sp(Cx)) > S where again r\ = 1 — ^ 



The proof of this proposition can be found in section 3.4 and rests on two observations: 

1) If distci (T, T ) is bounded by a suit able p ower of e, then ||Q e /|| < const • 1 1 / 1 1 - This is proved 
in Lemma 3.4.4| and leads directly to ( 2.5.2 ). 



2) In view of (2.5.1) we have 

\\R(z) - R{z)\\ c ^ (c ,y 
<\\\R(z)-R e {z) 



(2.5.4) 



\R £ {z)-R £ (z) 



\R £ {z)-R(z) 



where R £ (z) := (z — Q £ CtQ £ )~ x and R £ (z) := (z — Q £ CfQ £ )- 1 for a suitable smooth averaging- 
operator Q £ with a C 2 kernel. In section 3.4 we estimate these three terms. For the third one we 
use Proposition 2.4.9] , the second one will turn out to be small if distci (T, T) is o f the order of a 
certain power of e, and the first one can again be estimated by help of Proposition [2.4.S , but with 
the roles of C and C £ interchanged, which requires an estimate on ||i? e (z)|| in terms of quantities 
that depend only on the unperturbed map T, see Remark 2 .4. 10| . In a different context this idea 
was already used in [B2|. 



Observing the integral representation (2.4.5) of the spectral projectors in terms of the resolvent, 
the following theorem is an easy corollary: 

Theorem 3. Given an Anosov map T : T 2 — ► T 2 . for each map T sufficiently close to T in 
^-distance and satisfying uniform C 3 -bounds the non-essential spectra sp t (Ct, Bt(M,M))) and 
sp r (Cf,Bf(A4,M.)) are close with multiplicities and the \\ ■ ||c 1 ^(c 1 )* -distance of corresponding 
spectral projectors is small. 

13 This statement must be interpreted in the sense of Remark 2.1.2) . 

14 Note that also T is an Anosov diffeomorphism if dist c i (T, T) is small enough. 
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2.6. Spectral stability — Ulam finite rank approximation. An Ulam approximation is con- 
structed in the following way: Let A — {Ai} be a partition of T 2 into convex polytopes (e.g. into 
squares). Define the operator, in L 1 (T 2 ,IR), 

(2.6.1) U A f(x) := J~A) 1a{x) I fdm 

AeA m ^ ' J A 

Ulam's idea is then to look at the finite rank operator 

(2.6.2) P A := Tl A m A 

and to prove that, in some sense, its spectral properties are close to the ones of the original transfer 
operator; this is usually referred to as the Ulam conjecture. Since P A is essentially a finite matrix, 
its spectral properties are numerically accessible. Obviously these spectral properties are the same 
as those of C A :— U A £. 

Clearly we cannot compare directly the spectra of C and £ A , since the space Ii A (B(T 2 )) consists 
of piecewise constant functions which are, in particular, discontinuous along unstable fibres, in 
contrast to the functions belonging to our space B(T 2 ). This problem could be overcome by 
extending the space B(T 2 ) to a space including the indicator functions l Ai as we will discuss 
briefly in the next section. It turns out, however, that this would not really help. At the end of this 
section we provide examples of linear hyperbolic torus automorphisms for which straightforward 
Ulam discretisations C A produce eigenvalues far away from all possible eigenvalues of C. 



Another possibility to avoid this problem is to replace the indicator functions 1a(x) in (2.6.1) 
by a smooth partition of unity. For example one could use a convolution kernel 

q e (x,y) :=e- 2 q{e- x {x-y)); q e C 1 (R 2 ,R); f q(x,y)m(dy) = 1, 



and its associated smooth averaging operator operator Q £ and consider the partition of unity 
4>A '■— Qe 1a with e of the order of the diameter of the sets A. With this choice of e, however, 
it does not seem possible to prove spectral stability of the resulting discretisation Q £ T1 A £, the 
obstacles being basically the same as in the case of the original Ulam procedure. A much bigger 
e, roughly of the order of diam^) 1 / 3 , is needed to achieve a spectral stability result where the 
approximation error for the resolvent is again of the order e^-P) as it was the case for smooth 
perturbations. 

Since we will use L^(T 2 ) as an auxiliary space which contains the ranges of both Q e and 
(the price to pay for this is the big el), the discontinuity of the indicator functions 1a{x) plays 
absolutely no role in our proof, and for technical reasons we prefer to work with a slightly different 
discretisation. Namely, we define the finite rank operators 

(2.6.3) P A>e := n A Q e m A and £ A , e := U A Q e £ . 

Both operators have the same spectral properties. So we will compare the resolvent of £ A , £ with 
that of £, while P A , e can be used for numerical investigations, since it can be considered as a matrix 
acting on the same space as P A . So it can serve as a tool to study the spectral properties of C on 
the same footing as the standard Ulam discretisation. For results on the numerical approximation 
of SRB-measures such an approach was previously used in jll], QP]; see also |^9| for stabilising 
effects of noise on numerical simulations of dynamical systems. 

As an intermediate step of our program it turns out to be necessary to consider T\ A , Q £ and C as 
operators acting on the Banach space of functions of bounded variation BV(T 2 , K). Observe that 
BV(T 2 ,M) consists exactly of those functions / £ L 1 (T 2 ,]R) that can be approximated in L 1 -norm 
by functions /„ from the Sobolev space W 1,1 (integrable functions with integrable derivatives) 
in such a way that ||/||bv = lhiin^oo ||/ n ||i,i- Recall also that for any sequence (f n ) from W 1,1 
with linin^oo ||/ — / n ||i = holds: ||/||bv < liminf n _>oo ||/ n ||i,i. Therefore it suffices to prove the 
following lemma for / S TU 1,1 (and hence only for / £ C 1 ) with the || • ||i,i-norm instead of the 
|| • ||BV _n orm. But that is a simple exercise. 



15 In these papers the discretisation of smoothly perturbed Anosov diffeomorphisms serves as a theoretical justi- 
fication for numerical discretisations. The effectively implemented procedures, however, do not make use of random 
noise. In this context observe the example at the end of the current section. 
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Lemma 2.6.1. There exists a constant K > such that, for each e G (0, 1) and f E BV(T 2 ,R), 

||Qe/||BV < H/IIbV 
WQefhv < Ke^Wfh 
||r/||BV<^||/||BV ■ 

This lemma shows in particular that Q £ and £ are well defined bounded operator on BV(T 2 , R). 
The next lemma shows that the same is true for ±1_4. 

Lemma 2.6.2 If the partition A is made of convex polytopes of size^^ at most N^ 1 , then, 

for each f G BV(T 2 ,R), 

||IW||bv < 2||/||bv 
II/-IWH1 <27V- 1 ||/|| B v 

The first inequality of this lemma is proven in Lemma 10 of J^|, the second one in Corollary 3 
of the same paper. 

The following proposition contains the key estimates of this section. 

Proposition 2.6.3. Let A be a partition of T 2 into convex polytopes of size at most N^ 1 . If 
N~ 1 e~ 3 is smaller than some constan^^, then (z — Ca,s) * s invertible as an operator on L 1 (T 2 ,R) 
and 

(2.6.4) \\(z - Ca^)- 1 fh < const (e" 1 ||Q £ £/|| +\\f\\ 1 ) 
Furthermore, 

(2.6.5) \\(z ~ Ca^)- 1 - (z - QeCy'Wc^ciy < const N~ x . 

Combined with Proposition [2.4.S this yields at once that under the conditions of the last propo- 
sition 

(2.6.6) || (z - Ca^s)- 1 - (z - C)- 1 || c i^ (C i). < const (jVT 1 e" 3 + e^-^) , 



where the constant depends on z through the quantity H (5, r) from (2.4.8). Recall from section 2.4 
that 7] = 1 — where r must be chosen such that \z\ > r > a. 

The main result of this section now follows again from spectral calculus. 

Theorem 4. Let A be a partition of T 2 into convex polytopes of size at most N^ 1 where N = 
N(e) ~ £ -3-v(i-P) _ Then the assertions of Theorem^ hold for Ca.c instead of C e . In particular, 
the non-essential spectra sp r (C, B(T 2 )) and sp r {CA,e, -/j 1 (T 2 ,R)) are close with multiplicities and 
the || • ||ci >(c 1 )* -distance of corresponding spectral projectors is of order 0) . 

Since Ca,c is a finite rank operator, hence its spectrum and eigenvalues can be explicitly com- 
puted, the above theorem provides a constructive tool to study the invariant measure, the rate of 
decay of correlations etc. of the map. Some related numerical implementations (using the original 
Ulam method modified by an adaptive choice of cell sizes) are reviewed in [l^] . It seems worth 
to mention that our rate of convergence compares favourably to the one proved in [ p4[ for the SRB 
measure, i.e. for the "eigenfunction" of the eigenvalue 1. 

Just to have a more precise idea on how the business really works let us briefly, and not optimally, 
discuss the determination of the invariant measure in cases where the system is ergodic, i.e. where 
1 is a simple eigenvalue of C. For a more detailed discussion of this type of questions see p2| . 

Let n be the invariant measure and h G B(T 2 ) the corresponding eigenvector of C (that is 
Ch = h and /j,(<p) = (h, (p) for all <p £ 2? 7 ). Let h e , fiA,e, € L : (T 2 , R) be such that C-A,ehA,e = h A ,e 
and Q e Lh e = h E , and suppose that N ss £ -3-vii-P) _ Then there exists p > such that 



\\h e -h A , E \y^r < / \\(z-LA, e )-"{i)-{z-Qs£)- l {i)\\c^{ciy 

J{z<EC: \z-l\=p} 

< const . 
In addition, the results of subsection |2.4| together with p7| imply 

\\h e -h\\ w < const e^-^ . 



16 The size here is the side length of the smallest coor dinate cube which contains the polytope. 
17 This constant depends on a and b from Proposition 2.4,s| and hence from the distance of z to sp(£). 
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Hence, calling /j,a, £ (<p) :— J iphj[, £ dm, for each tp € C 1 (T 2 ,M) holds 
(2-6.7) \fi(^-^ AiS ( ( p)\<C 2 s^-^\ ( py . 

Since we are focusing on the eigenvalue 1, the radius r can be chosen arbitrarily close to 1 in which 
way also r\ can be made as close to 1 as we wish. A closer look at the proofs of (2?]] reveals in fact 
that convergence takes place at a rate e 7_,3 loge _1 . 

Inequality ( [2.6.7 ) implies, by standard approximation arguments, that the measures ha,s con- 



verge weakly to /j, yet it provides much more informations since it tells us exactly how much the 
two measures differ on a wide class of observables. 

Counterexamples to spectral stability of the pure Ulam method. As we already men- 
tioned in the introduction the coexistence of expansion and contraction in hyperbolic maps is a 
serious obstacle to the applicability of the original Ulam scheme. Some results related to this 
problem were discussed earlier in [|], [|], where in particular problems with the discretisation of 
Arnold's cat map were pointed out. Here we discuss a family of torus automorphisms whose 
transfer operators are all poorly approximated by Ulam discretisations. 

Let T a k '■ T 2 — > T 2 be the linear torus automorphisms defined by the following two-parameter 
family of 2 x 2 matrices 



a ka — 1 

O + l k(a+l)- 



, a,kel\, a> 2. 



Trivially, the T a< k have stable and unstable foliations of class C 2 , so a = r — 1 = 1. Therefore 
we may choose 7=1 and any < (3 < 1 as parameters for our Banach spaces. Denote by 
X a _k > 1 and A7l the two eigenvalues of A a ^- Then \ u = X a _k and X s = X~ k . In particular 

max{A-\ Af} = X~t 



Denote by £ Qj fc the transfer operator of T a< k- We know from Example 2.2.6 that 



sp(£a,fc) C {z e C : |z| < max{A-\ A? }} U {1} = [z e C : \z\ < X "£} U {1} . 

Consider Ulam discretisations Pa„ of C a , k usin g partitions A n into squares with sides of length 
■nT 1 parallel to the coordinate axes, see ( [2.6.2] ). Mixed numerical and theoretical investigations 
that we line out below show that for many choices of a and k the spectra sp(P An ) (for arbitrarily 
large even n) contain numbers with modulus strictly between A~]_ and 1 and hence between X~ k 
and 1 when (3 is chosen close enough to 1. Hence the most straightforward Ulam procedure, based 
on squares with equal size and sides parallel to the axes, produces fake eigenvalues at arbitrarily 
fine grid sizes n _1 . It is not clear to us whether this effect is an "arithmetic artifact" of torus linear 
automorphisms or if it is a more common phenomenon for hyperbolic diffeomorphisms. 

The task to determine (at least some) eigenvalues that occur in P^ n for arbitrarily large n is 
greatly simplified by the following observation: 

Proposition 2.6.4. Q Let A be a d x d matrix with nonnegative integer entries, and define 
T : T d — > T d by Tx ;= Ax mod 1. Denote by A n the partition ofT d into cubes of side length n^ 1 
with vertices in n~ 1 Z d . As before let P An = H An CT^iA n - Then 

sp(PaJ Q sp{P AmN ) 

for all positive integers N and m. 

According to this proposition it suffices to show that Pa 2 has an eigenvalue with modulus strictly 
between A"], and 1, since then this number belongs to sp(Pa 2N ) for all JVeN. 

In case a = 2 and k = 1 the matrix representing the operator Pa 2 can be figured out by hand. 
It is 



A/6 


1/3 


1/3 


l/6\ 


1/3 


1/6 


1/6 


1/3 


1/3 


1/6 


1/6 


1/3 


Vl/6 


1/3 


1/3 


1/6/ 



This matrix has the four eigenvalues 1, —1/3, 0, 0. In particular, —1/3 is a common eigenvalue of all 
Pa 2 n ■ On the other hand, the matrix Aa,i defining the automorphism has the leading eigenvalue 
A 2 ,i = 2 + \/3 so that A^j = 2 - V3 « 0.268. With (3 = 0.9 we have indeed A^f < \ < 1. 
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This, in fact, is not the worst case and other choices of the parameters a, k demonstrate even 
more striking differences between the eigenvalues of the Ulam approximation by square partitions 
and the spectrum of C a .k- We presented the case a = 2, k = 1 in some detail, because in this 
case everything can be calculated analytically, while for general values of the parameters only 
numerical approximations are available. By means of a program written in "Mathematica" we 
have calculated eigenvalues for several other choices of the parameter values. 



n 


a 


k 


T2 


* * 


a 


k 


T2 


, k 


2 


20 


1 


0.3400 


0.0250 


20 


3 


0.1115 


0.0122 


4 


20 


1 


0.3400 


0.0250 


20 


3 


0.2240 


0.0122 


6 


20 


1 


0.3400 


0.0250 


20 


3 


0.1115 


0.0122 


8 


20 


1 


0.3400 


0.0250 


20 


3 


0.2240 


0.0122 


2 


500 


1 


0.5000 


0.0010 


500 


3 


0.2500 


0.0005 


4 


500 


1 


0.5000 


0.0010 


500 


3 


0.2500 


0.0005 


6 


500 


1 


0.5000 


0.0010 


500 


3 


0.2500 


0.0005 


8 


500 


1 


0.5000 


0.0010 


500 


3 


0.2500 


0.0005 



Here is the modulus of the second largest eigenvalue of Pj^ n . It is to be compared to A^ k , which 
we consider to be the "true" second eigenvalue. 

What is still possible is that the leading eigenfunction - the SRB measure - may be stable for 
the class of maps we consider (the above example does not contradict to this - the SRB measure 
is preserved). For piecewise expanding interval maps this is known to be true, see for example 
H and further references therein. Moreover numerous numerical studies confirm this stability for 
a much broader classes of dynamical systems, see e.g. (lj, |l8| , but presently we do not have an 
adequate explanation for this numerical effectiveness of the Ulam method. 

For Ulam discretisations based on Markov partitions the situation is much better: In the case of 
linear automorphisms of T 2 Brini et al. || showed that there are arbitrarily fine Markov partitions 
A for which sp(P^) C {1, A s , A 2 , 0}. In particular they have no eigenvalue with modulus in (X~ k , 1). 
Froyland |t7| proved for general Anosov maps of T 2 that the eigenvector to the eigenvalue 1 of 
Ulam discretisations based on suitable Markov partitions approximates the SRB measure if the 
partitions get finer and finer. 

2.7. Remarks on an extension of the space B(M). Following one of the paths that lead from 
the Sobolev space W 11 of diffcrentiable functions with integrable derivative to the space BV of 
functions of bounded variation, we show in this section how to extend the norm on our space B(AA) 
to a larger subspace B(M) of B W (M.) that contains, in particular, the space BV(vVf). Most of this 
program is abstract and works equally well in any dimension. Only to show that B(M) is a closed 
subspace of B(M) needs much more effort, and since we do not really make use of it except in 
the discussion of Ulam discretisations on the two-dimensional torus, we will prove that only in the 
case M = T 2 . 

For / e B W (M) let 

(2.7.1) ||/|f :=hminf{|M| : g G B(M), \\f - g\\ w < e} . 

Observe that one can replace the limit by a supremum over e > 0. It is easy to see that || • || is a 
norm on 



/|| for / e B(M) by 

{/e 



B(M) :={feB w (M) : ||/|f < oo} . 

Then (B(A4), || • || ) is clearly a normed linear space, and since ||/|| < 
definition, we have B{M) C i3(.M).[^] We list some simple consequences: 

i) The unit ball B x := {/ E B(M) : ||/||" < 1} is the || • ^-closure of the unit ball B x 
B{M) : ll/H <!}• 

ii) Bi is closed in B W (A4) if and only if the norms || • || and || • || arc equivalent on B. 

iii) Since B\ is a relatively compact subset of B w (Ai ) , B\ is a compact subset of B w (M ) . 

iv) For / € C^A^R) we have ||/|| < ||/|| M and \\f\\ w < \\f\\x. Therefore 

BVi = || • ||i-closure((IU M )i) C || • || Ji ,-closure((IU 1 ' 1 )i) C || • l^-closure^i) = Bi . 

(Here the lower index 1 denotes the unit ball of the respective space.) In particular, B(A4) 
contains indicator functions of sufficiently regular sets. 

v) C extends to a bounded operator on B(A4). 



Recall Remark 2.1.2 for a discussion of the embedding of B(M) into B W (A4). 
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vi) The Lasota Yorke type inequality carries over to B(M): \\C n f\\ < 3A 2 a n \\f\\ + K\\f\\ w . 

vii) In particular, C acts on B(M) as a quasicompact operator with essential spectral radius 
bounded by a. 

What we cannot conclude at this point is that B(A4) embeds as a closed linear subspace into 
B(M). This is the case if and only if there is some C > such that 

(2.7.2) H/ll <C-||/|f iorfeB(M), 

i.e. if the two norms are equivalent]^] In section 3.7 we will prove the following lemma. 

Lemma 2.7.1. The estimate rt-2.7.j ) holds for M = T 2 . 

It turns out that for torus automorphisms (in any dimension, in fact) the constant C — 1 so 
that both norms coincide. 

An important consequence of this observation is: 

Lemma 2.7.2. 

If Lf = Xf for some f E B(T 2 ) and \\\>a, then f E B(T 2 ). 

Proof. Since / E B(T 2 ), there are g n € B(T 2 ) with ||/ - g n \\ w < ± and \\g n \\ < ||/||". Hence 
||/ - \- n C n g n W = \\\- n £ n (f - g n )\\- < 5A 2 ( \\f - g n \\ +C\\f- g n \\ w 



<3AM-) 2||/|r ( 



|A| 



n 



so that / belongs to the || • || -closure of B(T 2 ). But since B(T 2 ) is closed in 2?(T 2 ), this implies 
that / £ B{T 2 ). □ 

With an only slightly more complicated argument one shows that also if (A — C) k f = for some 
k> 1 and / E B(T 2 ) and A as above, then / E B(T 2 ). 

3. Proofs 

In the sequel we will mostly write B and B w instead of B{M) and B W {M). 
3.1. Proofs: Lasota- Yorke type estimate. 

Proof of Lem ma |2.2.1 . Let us start by considering only / E C 1 (A^,M). 

Recall from fl2.1.2| ) that C n f(x) = f o T~ n ■ g n where the Jacobian g n of T~ n is of class C 1+/3 . 
Then, for v G Vp, holds 

(3.1.1) d x (C n f)(v(x)) = d x9n (v(x)) ■ f o T- n (x) + g n (x) ■ d T - n{x) f(d x T- n (v(x))). 

To continue we need to note the following. 

Sub-lemma 3.1.1. For each n 6 N there is S(n) > such that if < S < S(n) (8 from the 
definition of H^{v) in ( 2.1.^ )), then 

R n v(x) := A~ 2 \™ d T n x T~ n (v(T n x)) E Vp 

for each v E Vp . 

Proof. Obviously, |i?„wU < A^X^AX^lv^ < 1. 

To investigate the Holder norm of R n v it is more convenient to introduce normal coordinates. Let 
us be more precise. Given an arbitrary point x E A4 let us consider a neighbourhood x E U C M 
so small to be contained in the domain of injectivity of the exponential map.^ We assume that 5 
is sufficiently small that the ball of centre x and radius 8 is always contained in U . We consider 
an isometric identification of T X A4 with !L d and then consider the chart exp x : V C M d — > U CM 
given by the exponential map. 

On the torus M. = T d the situation is rather trivial. Here all tangent spaces T X A4 are canonically 
identified with each other and with HL d and exp x (rj) = x + r/ mod Z d . Since there is no danger 
of confusion, we will even skip the "mod Z d " henceforth. (It suffices to choose 8 < h.) Then, for 

19 The "if" implication is obvious. For the "only if" implication observe that if B(M ) is c losed in B(M), then 
(B(M), || • || ) is a Banach space. Since || ■ || < || ■ ||, the open mapping theorem imp lies Jr^i ). 
20 Recall that the exponential map is obtained by flowing along the geodesies, |7j. 
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each y S Wg(x), we can identify dr^yT ™ with a, d x d matrix Aj,, so R n v(y) = A 2 \ r ^K y v{T n y). 
Since T n is of class C 3 there are c n > such that 

||Aa: - Ay || < Cnd(x,y) for y G U. 

It follows that 

-2 \ n 

I / 1 ... i '• .i ! - Ji ... ''I »; • ..i 

(3.1.2) 



\\R n v(x) - R n v(y)\\ = A- 2 \l \\K x v(T n x) - K v v{T n y)\\ 



< A-'\ n u \\A x (v(T n x) - v(T n y))\\ + c n d(x, y) . 

For manifolds other than T d more care has to be taken to derive an analogous estimate.^] To 
continue we need to recall that the vectors v are adapted to the unstable foliation. Given a vector 
w in M. d and a point x £ M. we can write w as w = £ + ?/, with £ S E u {x) and ry S E s {x). 
Therefore, for each n > 0, an unstable subspace E u (T n y) can be represented by an operator 
v « . E u^ T n x ^ _^ E s^ T n x y } the su b sp ace is just {£+V££}«eE*(r™x)- Clearly V™ = 0.0 In terms of 
the operators V" (y E U) the r-Holder continuity of the unstable distribution implies [^5[ 19.1.6]: 
There is a constant C > 0, independent of x and y, such that 

m<Cd(T n x,T n yY'; 

where r' = min{r,l}. Fo r y g W^x), let w(T"y) = C + V"C, C G E u {T n x). Denote c'„ := 



sup^g^j ||A X ||. Then, from (3.1.2) we have 



\\R n v(x) - R n v(y)\\ < A- 2 \l \\A x (v(T n x) - Q\\ + A- 2 \ n u HA^OH + c n d(x, y) 

< A- 2 X:A\-^v(T n x)-C\\+A- 2 \y n \\V n y (\\+c n d(x,y) 

< A- l \\v{T n x) - v(T n y)\\ + (A~ 2 \™c n + A" 1 )!^!! + c n d(x, y). 

As 

||v; i cn < cd(T n x,T n y y'\\{\\ < c\r'd{x, y y'\u < cArV'HCII , 

we find for sufficiently small 5 (such that C\™ T 'd T ' < §) that ||C|| < 2\\v(T n y)\\ < 2 and hence 
||V; i C|| < 2Cd s {x,y) T '\v\ 00 . So we conclude 

\\R n v(x) - Rnv(y)\\ < (Af n + 2CX T s ' n {A- 2 Xy n + A^W'-P + c^^d^x, yf < d s (x, yf 

provided 5 is chosen small enough. This finishes the proof of the sub-lemma. □ 

It is convenient to introduce the distortion 

d x g n (v(x)) 



(3.1.3) Al(x) 



9n(x) 



21 The first fact to notice for general M is that, in normal coordinates, the parallel transport of a tangent vector 
from y £ U to x, along the geodesic, coincides with the vector obtained by simply identifying the tangent space by the 
Cartesian structure of M. d . More precisely: Let us call P yx : T X M — > T y M the above mentioned parallel transport. 
Let V be a neighbourhood of the origin in T X M which is mapped by the exponential map exp^. diffeomorphically 
to the neighbourhood U of x. For ^ G V let y = exp x (^). Then 

P ?0 o d x exp" 1 oP xy = d y exp" 1 : TyM -* T t (T x M) 

where P^q : Tq(7~ x M) —* T^(T X A4) denotes the trivial parallel transport by the vector £. 

Next, we introduce normal coordinates in a neighbourhood U' of Tx as well. (For simplicity of notation we 
consider only the case A = 1, n = 1.) Let exp Tx : V' —> U' be diffeomorphic, V' be a neighbourhood of the origin 
in T Tx M. Let f = exp~].(Ty). Then 

A y := d y exp- 1 odryT' 1 o d e exp Tx :T e (T x M) -» T^{T X M) 

can be viewed as a matrix - due to the canonical identification of the spaces T^/ (T X M) and T^{T X M) with M. d . 
Clearly, due to the smoothness properties of T 

\\A X - A y \\ < cid(x,i/). 



With these conventions we have, just as in (3.1.2) 



||dxexp :c 1 (_Ri;(a;)) - d y exp^. 1 (Rv(y))\\ =\ U \\K X ■ d Tx exp T l(v(Tx)) - Ay ■ d Ty exp T ^ (v(Ty)) | 

<Xu\\A x ■ (d Tx exp^l(v(Tx)) - d Ty cxp^l(v(Ty)))\\ + \ u c\d(x, y). 

22 On general manifolds M we use d x exp" 1 to lift E u (y) and E s (y) from T y M to Tq{T x M), the latter being 
identified with R d . Then we proceed along the same lines. 
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We can then write 



= / d(f 


oT 


JM 




= A 2 \- n 


/ 




J M 


= A 2 \- n 


1 




/.VI 



d(C n f){v)dm 

M JM JM 

(3.1.4) =A 2 X~ n [ C n {df{R n v))dm + [ C n .f-/\ v n dm 

JM JM 



M 

df(R n v)dm + I f ■ (A£ o T n ) dm 

I M 

Since the Jacobian g n is of class C 1+l3 by assumption and since inf g n > 0, the following estimate 
is immediate: 



Sub- lemma 3.1.2. For each n £ N there exists a constant K n £ M + such that, for each v £ Vp, 
Thus 

(3-1.5) \\C n f\\ u <A 2 X- n \\f\\ u + K n \\f\\ s 

To estimate the stable norm we write 



/ C n f-pdm=[ f-(ipoT n )dm. 

JM JM 



I M J M 

But \ip o T"|oo = and H$((p o T n ) < AX% n H$(<p). Applied with 7 instead of f3 this yields at 
once 

(3.1.6) ||£"/|U<max{l,AAf n }-||/IU. 

To obtain strict contraction for the || • || s -norm, we must approximate ip £ T>p by a suitable function 
p £ V 1 . 

Sub-lemma 3.1.3. There are So > and B\ > which do not depend on the parameter S from 
the definition of H%{.) and H^(.) such that for any choice of S £ (0,Sq\ and for each ip £ T>p there 
exists ip : M. — > K such that 

l^loo < 1 \V-V\oo < 2~ P 6 P 

H s 1 {<p)<B 1 5-^ H s (p>) < 1 + B 1 . 

We postpo ne the proof of the above result to the end of the section and finish the proof of 
Lemma 2.2.1 before. So we choose a > maxjA^ 1 , Af } and fix an integer N such that 

(3.1.7) (a min{A u , A;' 3 })^ > 9A 2 . 

Then we choose 6 £ (0, 6q] so small that 8 < 2X^ and BiS 1 ^ 13 < 1. The sub-lemma implies now 

Bf 1 (S^AX^y -(poT n £V 1 and ^-X^ n (cp - p) o T" £ V p for all n = 1, . . . , N . 
Using such a decomposition and denoting K' n := B\ (£ _1 AA™) 7 , 

f C n f -pdm = 3AAf 1 f f ■ ^jX^ n {p - <p) o T n dm + K' n [ f ■ (K^ 1 ■ (p o T n ) dm 

JM JM 6A JM 

so that 

\\C n f\\s < 3A\?" ll/IU + K' n ll/IU for n = 1, . . . , N. 
Combined with ( 3.1.5 ) this yields for || • || = || • ||„ + b \\ ■ || s with a sufficiently large b — b(N) 

(3.1.8) \\C n f\\ <^ 2 -max{3Af",A-"} ||/|| + K\\f\\ w for n = 1, . . . ,N 

and, by choice of N, 

(3-1.9) <~a N 11/11 +K' N \\f\\ w . 

Combining and iterating the last two estimates (and observing (§Xe|) finally yields 
(3.1.10) \\C n f\\ <3A 2 <T n \\f\\+B\\f\\ w for all n= 1,2,... 

for a suitabl e cons tant B that depends on N. To conclude the proof of the Lemma note that 
( 3.1.6 ) and ( [3.1. 1C ) extend by continuity to B W {M) and B(M) respectively. The boundedness of 
C is then obvious. □ 



RUELLE-PERRON-FROBENIUS SPECTRUM FOR ANOSOV MAPS 



22 



Proof of Sub-lemma 3.1.3: The basic idea is to define (p{x) as an average of ip on a small "ball" , 
centred at x, in W s (x). 

Since only uniform Holder continuity along stable leaves is demanded from the approximating 
function (p (except for global measurability, of course), its construction can be carried out "leaf- 
wise". We fix a stable leaf W — W s (xo). Since W is a stable leaf, it is a c? s -dimensional C 3 
manifold with the Ricmannian structure inherited from M. (as smooth as the map T). In order to 
simplify the exposition we restrict again to the case M. = T d where all tangent spaces T X W can 
be naturally immersed into T d , yet the general case can be treated in essentially the same way. 

For each x, y £ W we will define an isometric identification I X:V : T X W — > T y W of the respective 
tangent spaces.0 In addition, for each x £ W we consider a chart T x : B Pr £T X W—^W where 
Bp, = {£, £ K da : ||£|| < p*} with a radius p* > that can be chosen the same for all W and all 
x £ W . We will use T^, to define "balls centred at x" in M^J^j The charts enjoy the following 
useful properties: There exists a constant C Pt > (also independent of W and of x) such that for 
< p < &r and sufficiently small S > holds: 

A) For all x £ W and all (, E B p , 

(l + C^p)- 1 < JT x (0 < (1 + C„p) 

where JT X denotes the Jacobian determinant of T^. 

B) For all x, y £ W with d s {x 7 y) < S < % and all £ £ B p , 

d s (T x (0,r y (I x , y O) < (1 + C p ,p)d s (x,y) 

and 

d s 



\jr x (t)-jr y (i x>y £)\<c p . 



■ y) 



C) For all x, y £ W with d s (x, y) < 5 < £f 



2 ' 



vo\{T x l r y I x , v B p \ B p ) 



<C P , p-^d- (ar.y) 



vol(B p ) 

Before defining the maps let us see how such maps allow to construct the wanted smooth 
approximation of ip. 

Let p < | , denote by m s the Riemannian volume on W and define for <p £ Dp and x £ W 



(p{x) := 



Jt .b ^(y) mS ( d 2/) J B pC^O J^xiQ d£ 



1 



where K(x,g) := 



Then 



m{B p ) 



V {r x t,)K{x,Odt 



because I x 



K{x^)<{l + C p ,p) 2 and \K(x,0 ~ K(y, I x , y £)\ < const ■ d s (x,y) 
l XjV maps the ball B p C T X W onto the ball B p C T y W isometrically. It follows 
\p\oo < Moo < 1 and \p~p\oc < 2- p 6 P H a p(ip) . 
We estimate the Holder constant of tp. To this end consider x,y £ W with d s (x 1 y) < S. Then 

1 



\<p(y) - ip(x)\ < 



m(B p 



B„ 



(3.1.11) 



+ 



m{B p ) 



[<p{T x £) - V {T y I x ^)} K(x,Qdt 



f <p(T y I x , y £) [K(x, - 4,,0] dC 



<H s p (tp) (1 + C p ,p) 2+/3 cf(:E, 2/)"+ const -cf (a;, y) 
< (l + C Pt p) 3 cffoy)' 3 + const ■d 1 -^ d s {x,yf . 



23 This can be done in many ways. On general manifolds the natural choice is to do it by parallel transport. 
Here we will make a simpler and more nai've choice that uses explicitly the possibility to identify locally T d with its 
tangent space. 

24 For general manifolds the best choice seems to be to consider the exponential map := expj : B Pt C T X W — > 
W. We do not do this in the following since this seems to yield weaker estimates (although sufficient for our present 
needs) and since the proof of the following properties (A-C) would need a more heavy machinery from differential 
geometry. 
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Choose now p = | . Then this is the desired estimate on £T| (0) . 

In order to estimate H*{(p) we proceed differently. To this end denote B p 
Then 



JB„ JB„ 



< 



\<p(Txt)\ JT x (0 d£ < (1 + C p ,p) vol(B p \ B p ) 



Hence 

\ip(y) - <p(z)\ < 



JT x (£)d$- / JT y (I x , y £)dt 

Bp J Bp 



(3.1.12) 



< const -\ip\ 



vol(B p ) 
< const -S' 7 d s (x,yy 



vol( B \B P ) , „. . 
V p N p; < const -p" 1 d a (x, y) 



with a constant that depends only on C p *, because p = f and d 8 (x,y) < S. It follows that 
< const J-T. 

To conclude we need to finally define the charts T x and the identifications I x . y and prove 
properties (A-C). Throughout the rest of this proof various constants C will appear that we do 
not specify precisely, but that all depend at most on the first and second derivatives of the stable 
manifolds W which in turn are uniformly bounded, see the appendix for a reference. In addition, 
they depend on a suitably small choice of the radius p*. 

To begin with, we define for each pair x,y S W a linear map U x . y : E s (x) — > E s (x) by 
£ + U x , y i e E s {y) for each £ £ E s (x). Clearly 

(3.1.13) \\U x , y \\<Cd{x,y), 

where C depends only on the second derivative (curvature) of W. In addition, locally we can 
view W as a graph over E s (x). Let F x : E s (x) — > E s (x) ± such that a; + C + -Px(C) € VF for each 
C € B p „(0) C E s {x), and define T x : E s (x) -> IF, 



(3.1.14) 



T X (C) :=^ + C + ^(0 



It is easy to see that d^F^ = C^T^C) an d hence d^T x = Id +£4,-^(0 so * na * II (Oil — C|ICII> 
see also Figure H. Similarly, d(x,T x (()) < C||£||. This implies in particular that T^, is a diffco- 








F»(0 






x+C 







Figure 2. The chart T x and related quantities 
morphism close to the identity. Note also that 



(3.1.15) 



J C T X := ./det(Id+17* 



25 Remark that here, and in the following, we are using explicitly the (in T d ) trivial identification of tangent 
vectors and vectors in the space. 
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The last ingredient needed is a way to identify the tangent space of W at different points. Choose 
a basis {et} of E s (x), then {e^ + U x _ y ei] =: {bi} is a basis of E s (y), unfortunately it may not be 
orthonormal. Yet, 

(h,bj) = Sij + (ei,U* ty U Xt yej) =: (l+B)^. 

This means that setting A := (Id+B)~% the new basis bi :— J2j -^ij^j 1S orthonormal. We then 
choose the isometric identification l x y ei := bi. We are now in the position to prove properties 
(A-C). 

A) This is nothing else than fl3.1.13| ) and fl3.1.15p . 

B) Consider x,y EW and let C € E s (x) such that T x (£) = y. Consider the map H X)3/ : E s (x) — > 
E s (x) defined by 

(3.1.16) T„ o I s>y (£) = T S (C + £*,„(£))• 

We can apply the orthogonal projection H x on E s {x) to both sides of the above equation to obtain 

(3.1.17) S^bCO = II ./, vi + H, / V:/,,,^]- 

Note that if we consider I x>y as a map in the ambient space, as above, then for £ = we 
have 



and thus it immediately follows \\I x ,y^ — £|j — C d[x, y)||£||) which implies 

115^(0- £|| < lin^/^- oil + ||(n x -n !/ )(F s/ / :c , 3/ oil <c||£||^,y) 

because a; i— > TL X is a C 1 function. By using the above facts and recalling the definition of E^j, in 
equation (3.1.16) we can compute 

l|T„ ° I*, w (0 - T x (£)|| = ||T X (C + E x , y (Z)) ~ T x (£)|| 

< sup ||rf e T x ||-||C + H XlJ/ (£)-£|| 

< (l + Cp)(||C|| + ||S X)J/ (£)-£||)<(l + CpK : r,y) ! 

where all the constants C depend only on the curvature of W . 

To obtain the estimate on the Jacobian we need to differentiate ( 3.1.16 ) which yields as before 
(observing that JI x _ y = 1) 

| jr y (l X ,yZ) - JT x (0\ = \JT X (( + E X ,y(0)JE X ,y(0 - JT X (£) | 

< (1 + Cp)d(x,y)+C\l- JH X)J/ (£)| . 

The wanted estimate follows now from d^S x>y = H X I X , y + TL x U y ^ g)I x , y - 
C) Again we use ( 3.1.16 ) to have 



T- 1 o T„(0 = C + S,, y (/-i£) 



this means that 

IHTT- 1 o T^COH — lielll < C7d(ar, V ), 
from which C) immediately follows. Fj 



□ 



Proof of Lemma |2.2.5 . Since £ " is the transfer operator of T ", we have J £ "ftp dm = 
J f {<p o T~ n ) dm for each ip £ Vp and |y o T~"|oo = \<p\oo < 1. In order to estimate H%{<p o T~ n ) 
let x,y E M with y E W s {x) and d s (x,y) < S. Since T~ n expands W s (x), d s (T- n x,T- n y) may 
be as large as An~ 1 8 > S. Therefore let £ — l[n) be the smallest integer such that £d s (x,y) > 



26 In the case of general manifolds, using for I XlV and T x the choices specified in Footnotes |23| and |24| the same 
results can be obtained, i.e. d(T x o I x ,y) can be computed, as usual, via Jacobi fields, Jl3| , Chapter 5]. Doing so 
the constants would depend also on the derivative of the curvature, which would make no difference, however, since 
in view of our C 3 hypothesis on T and of the results in the appendix, the curvature of the stable and unstable 
manifolds is uniformly C 1 . 
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d s (T n x, T n y) and fix a chain of points zq = T n x, z\, . . . , zt = T n y such that d s (zi-i, Zi) < 
d s (x, y) for all %. Since d s (T~ n x, T- n y) < A^- n d s {x, y), it follows that I < A^ n + 1 and hence 

\ip(T~ n x) - y(T- n y)\ * - d°izi-uzif _ n 
dH^y? d^-^f ■ d-{ x ,y)f> ~ {A ^ 

It follows that ||£~"/|| s < {A(i~ n + l)||/|| s . Exactly the same estimate holds also for the || • H^- 
norm. 

For the unstable norm one proceeds as in (3.1.4) and in Sub-lemma |3.1.1| , taking the same care 
when estimating the Holder constant of v o T~ n along stable fibres that we took above in the case 
of cp o T~ n . For sufficiently small 5 > this leads to the estimate 

\\£- n f\\u < Afi (A»- n + 1)||/|U + K n \\f\\s 



and for large enough b we obtain with arguments analogous to those leading to (3.1.10) that 

\\£- n f\\ <A^(A^ n + 2)||/|| +K'Jf\\ w . 
Iterating this estimate for fixed n and recalling that < {A^ n + l)\\f\\ w leads to the 



estimate p ap (£ ™) = limsup^^ t: \/||£~ fc,l | < y A//™ (Afi s ™ + 2). Since we can choose n € N as 
large as we like, p sp (£ -1 ) < /i^/i^ 1 . □ 

3.2. Proofs: Peripheral spectrum and SRB measures. 



Proof of Proposition |2.3.l| . Let us start with / e ^(M,^,). For tp S C°{M.R) nl> 7 , and 
|A| = 1, 

m n— 1 J n-1 p 

(3.2.1) (n A J»= lim - J2\- k (£ k f,<p) = lim -VA^ hpoT k -fdm. 

fc=0 k=0 

Hence (H\f,(p) < \tp\oo ■ J\f\dm, so that H\f extends to a continuous linear functional on 
C°(A4,M), and by Riesz' theorem there exists nu x f such that (H\f, <p) = Jipd^iu^f for each 
ip e C°{M,R) nX> 7 . 

The equality for all the functions in T> 1 follows by an approximation argument. The idea is to 
approximate a function in 2? 7 by a smooth function but keeping under control the regularity along 
the stable direction. To this end it is convenient to introduce the following singular convolution: 

(3.2.2) AefaXa;) := T^yr / v(y)m s (dy), 

^A x ) Jw;(x) 

where W/ (a;) is the intersection of the local stable manifold with the ball of radius e centred at 
x, m s is the Riemannian measure restricted to the stable manifold, and Z e (x) is chosen so that 
A e l = 1. Obviously, 

(3.2.3) \\K<P- vlU < e 7 for^eX> 7 . 

Sub-lemma 3.2.1. There exist constants c, e* > such that for each e < e* we have ceA e : 
C°(M,R)i ^C°(7W,R)nl? 7 . 

Proof. Clearly A e is bounded with respect to the sup norm. If y € Wg(x) then, by the uniform 
smoothness of the stable manifold it follows that there exists Co > such that, for e small enough 



/ ip(z)m s (dz) 
Jw*{x)\W*(y) 



< \<p\ocm s ({z G W^(x) : \e-d(z,x)\<c d(x,y)}). 



From the above equation, remembering that the stable manifolds have uniformly bounded cur- 
vature, it follows that there exists c > such that ceA e : L°°(JA,M,)i — ^ T> 1 . The continuity of 
ceA e (ip) is an immediate consequence of the continuity of the stable foliation. □ 

Notice that ii\f >e {ip) := /zn A /(A e t/?) and m e (ip) := m(A e ip) are measures. By Lusin's theorem, 
each <p € T> 1 can be approximated (m+//A,/,e)-almost everywhere by a sequence {p n } C C°(.M,R), 
l^nloo 1) an( i m view of Lebesgue's dominated convergence theorem also the m— and fJ>\j, e — 
integrals of \ip — cp n \ tend to zero. 
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Now fix <p e T> 1 and e > 0. Because of fl2.3.l|) there is N = AT(e) € N such that 



N-l 



fc=0 



Hence, recalling ( 3.2.3| ) and Sub-lemma fr.2.1 , we have 

iMiu/fa) - Mn A /(A e v?)| < 
\lin x f(K<p) - (H\/,A e ^„)| = |/in A /(A e ^) -Mn A /(A e ip n )| < / \<p - ip n \ d(i X ,f 



N-l 



fc=0 

A- fe (£ fc /,A e (^-^)) 



AT-1 



JV-1 



^A- fe (£ fe /,A^-^) 



1^ A- fc (£ fc /^)-(nA/^) 



fc=0 



< {ce)- x e 2 = c-h 

< max ||£*7||oo / \<p n - <p\ dm e 
fc=0,...,JV-l y 

< ll/llle 7 



The second and the fourth expression tend to as n — > oo for fixed e and AT. Hence 

| MnA/ M-<n A /,^)| < e^(l + H/II0 +c- 1 e + e 2 . 

Hence (Ha/, 95) = (J>n x f(<p) for all / € C^-A^M) and all <p e 2? 7 . 

If A = 1 and f,ip > 0, then J (^d^m/ = (IIi/,<p) > and (Hi/, 1) = J f dm by (|3.2 l|). It 
follows that /ina is a positive measure and A = 1 is an eigenvalue of C. Finally equation ( 3.2.1 ) 
implies that for tp > 



\nu j f(<p)\ = \{ii j f > <p)\< 1™ -E / 1 ^°^ fe -l/l^<||/|| 00 (n 1 i,^) = ||/|| 00 f 

fc=0 



It follows that /irij/ is absolutely continuous with respect to ji and 



< 11/11 

//-almost 



surely. Observe also that, because of (2.3.3), each h e H^Z? can be represented as h = H,/ for 
some / GC^MjM). 

Next, if ft = Hi/, then T*/ifc = /i/j follows since 



/" <fid{T*fi h ) = J P or^ = Jtaj5] / V°T k+1 fdm = J 

k—Q 



ipdfi h 



for all 93 £ C 1 (A 1,R). The last statement follows immediately from the observation (n^, 1) = 
(/,!), see &2%. □ 

a) For each ip. e C X (>1,M), 

n-l 



Proof of Proposition 



2.3.2 



lim / ^df-VT^m") = lim -V / p o T & dm = (Hil, </>) = / 

n^oo / \ n * — ' / n^oo n ^ — ' / / 

17 v k=0 ' k=0 J J 



ip d[i 



b) Let |A| = 1. Recall from (2.3.2) and (2.3.3) that Hi : B w — > B is a bounded linear operator 

with Tli{B w ) = Ui(B). 

Introduce the map $ : TLiB -> L~ inv := {ft € L£°(.M,K) : ft o T = ft} by the relation 



with nf and /it as in Proposition 2.3.1.^ Then 

• $ is linear by inspection of the definition 

• $ is injective, because 

$(/) = 0^ (i f = 0^ (/,</>) =OV0eP 7 =► = 0, 



^(/) = because both measures, fif and fi, are T-invariant. 
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and since / £ HiB, i.e. f = Hif, it follows from (2.3.2) that also ||/|| = and hence / = 0. 

• $ is surjective, as we show below. 
Hence dim(L^ inv ) = dim(IliS) is the number of ergodic components of \i. 

Proof of the surjectivity of $: Let h £ L^ inv and choose h n £ C l (M,C) C X> 7 Q such that 
linin—xxj J \h — h n \ dfx = 0. Then, for each tp £ 2? 7 , 

(h n ■ ITil - h k ■ Ilil, tp) = (IIil, (h n - h k ) ■ p) = J (h n - h k ) ■ ipdfl 

< \h n - h k \ d/j, 



so that \\h n ■ IIil — hk ■ riilllu, < J \h n — hk\ dfi — ► when n,k — ► oo. It follows that 

/ := || • \\ w lim h„ ■ IIil £ B w 

n — >oc 

exists. 

To show that Cf = f, consider 

\\cf-f\\ w = lim ||r(h„ ■ na) - /i„ - Hii|L 

n— *oo 

= lim sup ((C(h n -Till), if) - (h n - Ilil, ip)) 
n-too vgX ,^ 

= lim sup ((Uil,h n ■ (ip oT)) - (Uil,h n ■ tp)) 



= lim sup / h n ■ Up o T — tp) dfi 

n-»oc pgp^ J 



< sup / h ■ (ip o T — ip) dfi + lim sup / (ft n — h) ■ (ip o T — ip) dfi 



<2 / |fe n -h| djU 



= 



sup (h ■ ip) o T dfi — J h ■ ip dfi^j (since hoT = h) 



It follows that / = Uif £ HiB w . Hence 

p ■ hd/j, = lim / tp ■ h n dfi = lim (h n ■ IIil, tp) = (/, tp) = I tpdfif 



for all tp £ C^M^R), so that h = ^ = $(/). 

Since dim(L^° inv ) < oo, this space has a basis consisting of indicator functions of pairwise 
disjoint sets A,. Let /, := 1a 4 and /it* := Then = 1 



A, 



c) The third statement follows from Birkhoff's Theorem. Indeed, if tp £ C°(A4,R) there exists a 
measurable T-invariant set Cl v C M, A'(^v) = 1j sucn that 

^ 71—1 

iy9 + (a;) = lim — > tpoT 1 (x) exists Va; € f2 v . 

n—>oo Ti — ' 



n 

i=0 



The characteristic function Iq^ of fi^, is a measurable function, moreover, if x £ £l v and y £ W s (x) , 
d s (x, y) < (5, then 

^ n— 1 ^ 

lim — N ipoT l (x)— lim — > ipoT l (y) 



71 * — ' n— >oo n 

i=0 i=0 



hence y € Accordingly, ln v G £> 7 - Consequently 

^ n— 1 

m(fi v ) = m(ln v oT k ) = lim - V T* fe m(l^) = (IIil, l n ) = fi(%) = 1, 



n — >oo Jl 

k=Q 



where we have used Proposition p. 3.1 . We can then define, for each t £ M, the sets fi^.t = {x £ £l v : 
tp + (x) < t}. Clearly these are invariant sets as well and their characteristic functions belong to D 1 , 
hence we have ^(Q^j) — rn(fl Vi t)- But, in view of what we just proved in b), there can be only 
finitely many invariant sets of positive /j measure. If fi is ergodic it follows that m^l^^t) £ {0, 1} 

28 We complexify X> 7 tacitly. 
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for each tgRso that <p + (x) = J M ip d\x for m-almost all x 



d) The proof of this part depends heavily on Lemma 2.1.4 and its proof. So we postpone it to 



section B.7. □ 



3.3. Proofs: Spectral stability — Smooth random perturbations. Recall that we are as- 
suming now that d = dim.M = 2, hence the stable and unstable foliations are C T with, at least, 
l<r = l + a<2 and < [3 < 7 < a. Furthermore we give a detailed proof only for the case 
M = T 2 . 

What makes the C 1+a setting so special, is the following lemma. 

Lemma 3.3.1. Each point x E M has a neighbourhood U together with a C l+a -diffeomorphism T 
from U into R 2 which straightens both foliations simultaneously in the following sense: 

1) T{x) = 0, 

2) T([y,y']) — (Ti(y),T 2 (y')) for y,y' € U, where [y,y'\ denotes the unique point in W u (y) n 
W s (y'). 

3) Let T(y) = (£,?/)• Then {r -1 (t,?7)} and {r -1 (£,t)} are the stable and unstable manifold of y, 
respectively. 

4) {r (i, 0)} and {r _1 (0, t)} are the stable and unstable manifold ofx, respectively, parametrised 
by arc-length. 



Proof. Since the stable and unstable distributions are C 1+a (see Remark A.l in the appendix) the 
regularity statement follows like Theorem 6.1 in |35| from the main result of |23] which says in 
our context that since is C 1+a in each of its two real variables separately, it is jointly C 1+a 
in both variables ,p^| The third assertion is a restatement of (2) which implies that {r _1 (t,r;)} and 
{T -1 (£, t)} are the stable and unstable manifold of r _1 (£, 77). In addition, it is always possible to 
reparametrise the two coordinate axis so that (4) is satisfied. □ 

As in the previous section we start by studying the action of smooth avera ging o perators on 
test functions. So let q e : T 2 x M 2 — > M. k be e _1 -dominated by p £ as in Definition 2.4.2. In analogy 
to the definition of Q* in section 2.4 we define the operator Q* here by 



JR 2 

Here q £ is a Revalued function (where k > 1 is possible), cp is R- valued. Therefore Q*<p is also 
Revalued. 

Lemma 3.3.2. Let q £ : T 2 x R 2 — > R fc be such that q e is e _1 -dominated by the stochastic kernel 
p e in the sense of Definition 2.Jf..i. Then there exist K > and £0 > such that for e € (0, £0] 
and for each smooth function ip holds 

H s p {Q* e p) < (1 + Ke a Y 3 H^p) + K5 a -^U. 

The same holds with 7 instead of (3. 

Proof. Given x g M. let us consider a neighbourhood U that is foliated on the one hand by the 
leaves Wf oc (y), y G U, and, on the other hand, by the leaves W£ c (y), y € U. For each z e Wf oc (x), 
define the two functions E z , * z : U C M — > M by0 

T, z {y) := z + y-x 

V z (y) = [E z (y), y]. 

where [y,y'\ denotes the unique point in W^ c (y) D Wf oc (y'), see Figure ||. 

Sub-lemma 3.3.3. The map VP z is infective and there is a constant C > 0, which can be chosen 
the same for all x and z, such that for all y G U 

(3.3.1) d(Z z (y),y z (y))<Cmin{d(x,z)d(x iy ) a ,d(x,y)d(x,z) a } . 



29 G.K. thanks Boris Hasselblatt for pointing out to him the relevance of the argumentation in |35[ for the present 
setting. Note that the above argument holds in any dimension provided the distributions are C 1 ^^. 
30 In general Riemannian manifolds the same can be done by simply defining 

£*(!/) :=exp :! ,(exp- 1 ( 2 /) + exp- 1 (2)) 
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Figure 3. 



In addition ty z is absolutely continuous and its Jacobian J^ z satisfies^ 



(3.3.2) 



sup|J*,(i/)-l| <Cd(x,z) a 



Proof. The injectivity of *ff z is a consequence of the transversality of the defining foliations W u 
and W s . The uniformity of all constants is due to the compactness of A4 = T 2 . 



Because of Lemma 3.3.1 , in a suitable neighbourhood U of x, both foliations can be straightened 
simultaneously by some C 1+Q -diffcomorphism T from U onto T(U) C R 2 . This means in particular 
that for any y,z € U 

yeW u (z) => T 1 (y)=T 1 (z) 
yeW s (z) => r 2 (y) = T 2 (z) 

Without loss of generality we can assume that there is a constant C\ > such that e~ Cl < 
ll-Or^H < e Cl for all y e U. 

Now let z e W s (x) and yeU. Then 

(3.3.3) TiV&zV) = ri(E,y), r 2 (* 2 y) = r 2 (y) . 

It follows that 

( i(* z y ) s z y) = d(r- 1 (r(* z y)) I r- 1 (r(s z y))) <e Cl ||r(* z y) - r(S z y)|| 
-e Cl |r 2 ( y )-r 2 (E z2/ )| . 

Let £ := y — x. There are two ways to estimate |r 2 (y) — r 2 (E z y)|, and we will need them both. 
Since r 2 (a;) = T%(z) we have 

|r 2 ( y ) - r 2 (s z y)| = \(r 2 (x + - r 2 (z + 0) - (r 2 (z) - r 2 (z))| 
^S4i - sup ll- Dr 2U+te-- Dr 2U+^|| • 

1 ^ te[o,i] 

<C 2 d{x,z) a d(x,y), 

because T is of class C 1+a . Similarly, 

|r 2 ( y ) - r 2 (E z y)| = \(r 2 (x + o - r a (»)) - (r 2 (z + - r 2 ( 2 ))| 



(3.3.5) 



< sup ||£»r 2 | x+ | +t( 2_ x ) - OT 2 | x+t(z _ x )|| • \\z - x\\ 
te[o,i] 

<C 2 ||e|| Q d(x,z) = C 2 d(a ; ,y) Q d( a ;,z) . 



This yields (|3.3.l|) 



31 We note that, with some more effort and using Lemma A. 3 from the appendix, it is possible to replace the 
exponent a by 1 in this and in the previous estimate. 
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We turn to the estimate for the Jacobian J^ z . First note that \1/ z is continuously differentiable. 
Indeed, the implicit function theorem gives in view of (3.3.3) for all y G U 



D y ^ z = (D^ry 



-1 ( D^yT 1 \ _ 



D y T 2 



= i + (D^ry 



from which it follows that 

\J*M - 1| < const (d(* z y, Z z y) a + d(V z y, y) a ) < const {d(*,y, Z z y) a + d(Z z y, y) a ) 
< const d(x, z) a 

by the previous estimate and since S z y = (z — x) + y. □ 



We return to the proof of Lemma 3.3.2. In our estimates, in order to compare Q*ip(x) and 
Q*ip(z), we will have to compare ip(y) to ip(E z (y)). But since we have control over ip only along 
stable manifolds, we will compare tp(y) to ip(^ z (y)) and care for the remainder by estimating the 
difference of q £ (z, and q E (z, 

We start by noticing that 

\q e (x,y- x) - q £ (z,T, z (y) - z)\ = \q E (x,y - x) - q £ {z,y-x)\ 

< Md(x, z) a p a£ (x,y - x) 
= M d(x,z) a p a£ (x,y), 



in view of ( 2.4.2 ) so that 



\q e (x,y-x) -q e {z,Y> z {y) - z)\m(dy) < Md{x,z) a 



M 



Similarly, denoting B2 e (x) — {y S M. : d(x, y) < 2e} we have 
|<fe0, E e (y) - z) - q £ (z, * z (y) - z)\ m{dy) 



B 2 e(x) 



< M 



e- 1 d(* 2 (y),S z (y)) (p ae (z,Z z (y)) + Pas (z,V z (y))) m{dy) 



< (1 + \\J^J 1 \\ 00 )2MCd{x,z) a < 6MCd(x,z) a 
where we used ( 2.4.3 ), the second estimate in ( |3.3.l| ) and the fact that JH Z = 1. Accordingly, 



(3.3.6) 



\q e (x,y - x) - q £ (z,* z (y) - z)\m(dy) < (M + 6MC) d(x, z) a 



Now we can estimate the Holder constant of Q%ip: 



\Q*Mx) - Q*Mz)\ 



(q £ (x,0<p(x + -« e («,£M* + 0) <% 



{Qe(x, y - x)<p(y) - q £ (z, y - z)tp(y)) m(dy) 

M 

< \qe(x,y - x)\\ip(y) - ip(^ z y)\m(dy) 
Jm 

+ / \q £ (x,y - x) - q £ (z^ z y - z)JV z \\(p(y z y)\m(dy) 
Jm 

<M [ Pae {x,y)m(dy)H s (<p) sup d{y^ z {y)f 

+ / %{x,y- x) - q s (z,~$ z y- z)\ \<p($ z y)\ m{dy) 

JB 2e (x) 

+ M / p ae (x,y)m(dy) \cp\oo sup \J^! z 1 (y) - 1| 
Jm yeu 

where we used in the last step that \^> z y — z\ < \^ z y — S z y| + |S z y — z\ < d(x,y)(CS a + 1) < 2e 
if 5 is small enough. Therefore 

\Q*Mx) - Q*Mz)\ < H s (?)(l + Ce a f d(x, zf + (M + 6MC) d{x, z) a 

+ M\i P \ QC Cd(x,z) a 

< d(x, zf [H s {<p)(l + Ce a f + \(p\ao(M + 6MC + MC)6 a ~P] 
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where we used the first estimate in (3.3.1), estimate ( 3.3. | ) and also (3.3.2). This proves the 
lemma. □ 

Proof of Lemma |2.4.6| . Let (q £ ) o< e <i be an admissible stochastic kernel family. We draw first 



conclusions for this family from Lemma 3.3.2. It is immediately seen that sup 0<e<ir[i ||Q e || w < oo; 



this is the first asserti on of Lemma 2.4.6 . 

Combining Lemma |3.3.2 with Sub- lemma 3.1.3 we see that there is a constant B% > 1 such that 
for each tp € T>p there is tp with 



and 



m{Q* 5 g>) < b 2 , iq^u < i 



H^QHv -0))<(1 + 1 + B 1 6 1 -P)(l + Ke a f + K2~H<* , \Q*(tp 2~ /3 <5 /3 



Our first conclusion is that for sufficiently small e and S 

2 
5 

Since 



(tp - tp) € Vp . 

[ Q e f-<pdm=^[ f ■ \Q* e (v - (p) dm + B 2 [ f ■ B 2 ; 1 Q* £ ipdm 

J M 1 J M J M 



it follows that 
(3.3.7) 



\\Qef\\s<^\\f\\s + B 2 \\f\\, 



We turn to the estimate for ||Q e /||«. Remember that, in dimension two, the stable and unstable 
distributions are of class C 1+Q , (see Remark A.l in the appendix). Therefore they can be described 
by C 1+a fields of unit tangent vectors v s (x) and v u (x). Each vector field v £ Vp can be written 
as v = ipv u where ip is measurable, \tp\oa < 1 and Hp(<p) < 2Hp*(v). One just has to make sure by 
choosing S sufficiently small that the angle between v(x) and v(y) is small enough if d(x,y) < S. 

So let v = tpv u £ Vp. Then 

d(Q £ f)(v)dm = [ [ f(x)-^-q e (x,z-x)-v u (z)tp(z)m(dx)m(dz) 

J M J M 



M 



M J M 

f{x) ($i(a;)+$ 2 (aO) m(dx) 

M 



where 



*i(a:) 



d 



—q e (x,z-x)-(v (z) — v (x))tp(z)m(dz) , 
im " z 

$ 2 (x) := / — q e (x,z-x) ■ v u (x) tp(z) m(dz) . 
Jm oz 

Observe that we interpret -§^q £ as a vector so that the dot-products under the integral signs are 
inner products. Let w(x,£) := v u (x +£) — v u (x). Then |w(x,^)| < const |£| and 



&i(x) — / d2q 6 (x, z — x) ■ w(x, z — x) tp(z) m(dz) 
Jm 

^Ml^looE -1 / p a£ (x, z — x)\w(x, z — x)\m(dz). 
Jm 

Since this integral extends only over points z € B e (x), we have 

|$i|oo < const \ip\ 

CO 

for sufficiently small e > 0. 

In order to estimate H^(^i) we apply Lemma 3.3. 2| to the R 2 -valued function d2q £ • w. Since w 
is C 1+Q in both coordinates and since q £ is admissible, <92<3t ■ w is e _1 -dominated by the same p £ 
that dominates q £ ^\ Hence 



(3.3.8) 



flfl(*i) < (1 + Ke a fH s (cp) + K8 a -f > \<p\ 00 < (1 + Ke a f + KS a ^ 3 < 2 



32 The proof is a direct computation that uses the same ideas employed in ( [j.3.4 ), and (3.3.5). The details 
left to the reader. 
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for sufficiently small e and 8. So there exists a constant Mi > such that jgj-^i £ £>/3- 
We turn to the estimate of $2- 

d f 

-q E (x, z — x) ■ v u (x) (p(z) dm(z) + / d\q E (x, z — x) ■ v u (x) ip(z) dm(z) 

: JM 



* 2 (a:) 



dx 



dl<j s (x, z — x) ip(z) m(dz) 



M 



I M UJj JM 

= -div (v u Q*ip) (x) + (div« u )(x) Q* e (p(x) +v u (x) 

= : - div (v u Q* e (p) (x) + $ 2<1 (x) + $ 2i2 (x). 

Since |</j 6 X>g, it follows from Lemma 3.3.2 that i?^" 1 $2,i € Dp for a suitable constant B$ > 
that depends on the C 1+Q -norm of ti"(x ). Since d\q E is e _1 -dominated by by p £ (see the definition 
of admissible kernels in Definition 2.4.1 ), we see as above that -^$2,2 € 25/9- 
In order to collect the last estimates we write 



(3.3.9) 



/ d{Q s f)(v)dm= I f ■ ($1 + $2,1 + $2,2 - div(u u Q*^)) dm 

JM JM 

= f /•($i+* 2 .i+*2.2)dm+ / df(v u Q*p)dm 

JM J M 



Observe that Hp{v u Q*<p ) < ff |(Q*y?) + l when 5 is small enough because \v u \oo = 1 and |Di; n |oo < 
00. We invoke Lemma |3.3.2] once more and conclude that Hp(v u Q*Lp) < 3 when S and £ are 
sufficiently small. Note also that \v u Q*(f\ oc < \<p\oa < 1. Hence |«"Q*</5 € V/3 so that 

||0 s /lk<3||/|| u +(2M 1 + B 3 )||/|U ■ 
Combined with the estimate ( 3.3.7|) for the stable norm this yields for sufficiently large b 

WQefW < 3||/||+ bB 2 \\f\\ w 



which finishes the proof of Lemma 2.4.6 



□ 



Proof of Lemma |2.4.7 . We start by proving the lemma not for C e = Q E C but for Q E C N where 
N is the iterate from ( 3.1.7| ) for w hich ( a min {Xu, Xj }) N > 9A 2 . The reduction to the case N = 1 

is then accomplished in Lemmas 3.3.4 and |3.3.5 . 

Let ip £ V 1 . Since (Q £ £ N )*tp = {£ N )*(Q*ip) = (Q*<p) o T N , it follows from Lemma |3.3.2| that 



H' ((Q e L N )*ip) < AXJ N H^(Q*ip) < AXJ N (1 + Ke^H^) + AXJ N KS a ~ 



whence, for sufficiently small e, 



m ((Qe£ N y<p) < s h^) + Ks a 



By induction, it follows 



K 



(Observe that \{Q e C 
all k S N so that 

(3.3.10) 



N\*. 



■1^' ' 1 _ a N 

< \ip\oo-) Hence there is K 2 > such that K 2 L (Q e £ T 



; ip G T> 1 for 



||(Q e ^)VlU<^2||/|| 



for all k. 



We turn to the second estimate from Lemma 2.4.7. Again we consider first Q e C N instead of 
C £ = Q e C. For each n = 1, . . . , N we have 

\\(Qen k f\\ 

3 < Z\\C n {Q e C n ) k - l f\\ + K\\C n {Q e C n ) k - l f\\ w 

<3A 2 m ax{3Af n ,Ar}||(Q e n fe_ Vll + 3S||(Q e £ n ) fc -VlU + ^ll(Qe£") fe -VlU 
< 3A 2 max{3Af\ X- n }\\{Q e C n f- 1 f\\ + K 2 (3B + K) \\f\\ w 

where we used Lemma [2. 4 .6| for the first, equations (3.1.6) and ( |3.1.8 ) for the second, and equation 
(3.3.10) for the third inequality. For n = N this leads, by induction on k and observing the choice 
of N, to 

\\(Q e C N ) k f\\ < o^H/ll + K f^ N K) ■ 

It remains to carry over these results for Q £ C N to — (Q £ C) N . For this we use repeatedly 
the next two lemmas to show that there exists a smooth averaging operator QeP such that C £ = 
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(QeC) 



N 



C N with £jv < Cjv£ for some C jy > . Applying ( 3.3. 10|) and the last estimate to 



this operator instead of Q e and using estimate ( 3.3.11 ) for n 
the proof of Lemma 2.4.7. 



1 at most N - 



1 times then finishes 
□ 



Lemma 3.3.4. Denote by A 1 the Lipschitz constant ofT . For each smooth averaging operator 
Q e there exists another smooth averaging operator Q' e such that CQ £ — Q' A - le £. 



Lemma 3.3.5. If Q s and Q' E are smooth averaging operators, then also Q" := Qn_ p N e <9p e are 
smooth averaging operators for each p £ (0, 1). 



Proof of Lemma \3.3.\ . We define Q' e := CQa.C- 1 . Then Q'J(y) = J M f(x)q' Ae (x, y) m(dx) with 



q' s {x, y) = qA £ {T 1 x, T 1 y) ■ g(y) and hence 

q" e (x,0 = QAe(G(x,t))-g(x + Z) where G(x, £) := (T^x, T~ l {x + £) - T"V) . 

It follows immediately that q' e (x,y) — if d(x,y) > e, thus q' e is a kernel family. Clearly, 
Jj 2 q' £ (x,y) m(dy) = 1, so q' e is a stochastic kernel family. Moreover, 

d 1 q' e (x, = d x q\ e {G{x, £)) • DTr} ■ g(x + 

+ Aed 2 q As (G(x,0) ■ (Ae)- 1 {PT^ - DT^ 1 ) ■ g(x + fl + gA £ (G(x, Q) ■ D^+g 



= :A 3 



e d 2 £ = e d 2 q Ae (G(x, £)) • DTr 1 ■ g(x + £) + e q AE (G(x, £)) ■ Dg ]x 



= :A 5 



Observe that 



G is Lipschitz continuous, 

DT^ 1 , g and are bounded and Lipschitz continuous, because T is of class C 3 . 



Therefore the verification of (2.4.1) - (2.4.3) for the kernel q' e and for the terms A4, i ^ 2, is 
straightforward]^] The term A 2 needs some more care. First note that 



DTr 1 ,- DTr 1 



< const -||£|| < const -e 



This controls the A2-contribution to ( p. 4.1 ) and reduces the Holder estimates for A 2 in (2.4.2) and 
(2.4.3) to the corresponding estimates for e -1 (DTT/j^ — DTr 1 ). But 



DTr 1 , t — DTr 1 ) -e^ 1 DTr},- DT, 



1 (DTr 1 



- DTr 1 I - : 



- 1 {DTr} -mr 1 ) 



for a suitable to S (0, 1) so that this term is bounded by const -d(x + to£, z + £q0 = const -d(x, z), 
and finally 



-1 



e" 1 ( DTr 1 - DTr 1 ) - e^ 1 ( DTr 1 - 
so that this term is bounded by const d(x+^ x+£). Hence q' £ is an admissible kernel family. □ 



Proof of Lemma \3.3.!\ . Let q"(x,y) := J M q pe (x, z)q' {1 _ p)e (z,y) m(dz). Obviously q"(x,y) = if 
d(x,y) > e. The associated kernel q'J(x,£) is 

Qei x ,0 = / %«0&)C)(?(l.-p)e( :c + C,£-C)<*C 



3 They are all e ^dominated by the same stochastic kernel family that dominates g e 
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W u {x) 

k,y + C] 



W s {x + C) 



'\y, y + CT~ r* v + C 



W a (x) 



.WHv) 



Figure 4. 

It follows that 

Jr 2 

+ / qps{xX)diq{l-p)s( x + Ci£ ~ () d ( 



sd 2 q e (x,C)= / q pe (x,C)-ed 2 q(i- p ) E (x + (,€-C)dC 



and ( pXl| ) - ( pA3| ) for q'J , diq'J and <9 2 g" can be deduced easily from the corresponding properties 



for q e , diq £ and d 2 q e - □ 



Proof of Lemma |2.4.8 , The last step in the discussion of smooth random perturbations consists 



in showing that there exists a constant K > such that |||Q e — Id||| < Ke 1 To this end consider 
Let tp S 2? 7 . Denoting as before [x, y] :— W u (x) n we have 

(Qef - f)<pdm 

M 

f(x)q E (x,()<f(x + Od(m(dx) - / f (x) ip(x) m(dx) 
m Jr 2 J M 

(3 ' 3 - 12) = / / (f(x)-f([x,x + (]))q e (x,0 V (x + Od<;m(dx) 

J M JR 2 

9e(x, C)f([x, x + £])<p(x + C)d(~ f{x)ip(x) ) m(dx) 



I M \JR 2 
= ■ h+h- 

Our goal is to show that |7i|, I/2I < const •e 7- ' 3 • ||/||. 

We denote by U t the flow at unit speed along the unstable manifolds. Let r(x, () be the signed 
distance between x and [x,x + (] within W u (x). The direction is chosen such that U r ( X £){x) = 
[x, x + C] (see Fig. ||). We first look at I\, a term which involves a difference of /-values along an 
unstable fibre. It is natural to try to estimate this difference in terms of d x f(v u (x)) where v u (x), 
as in the preceding proof, denotes the unit tangent field in unstable direction. 

q e (x,() f ( '° d Utx f{v u (U t {x)))ip{x + QdtdQm{dx) 



<M Jr 2 Jq 
Changing variables to £ = Ut(x) and setting 

Q{x, ():={teR : sign(t) = sign(r([/_ t x, 0) ; |*| < \r(U- t x, C)} 
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W s (yt+0 



W u (x) 



x t := U-t(x) 



W"(x t + 



W u {y) 




yt + C 



W 3 (x) = W s (y) 



yt ■= U- t {y) 



we get 



Figure 5. 



(3.3.13) 



h = 



M 



q £ {U- t x, C) ln(*,o(*) d £ f(v u (x)) (p(U- t x + C) JU- t (£) dtdC,m(dx) 



d & f($(x)v u (x))m(dx) 



M 



where JU-t = JU t 1 denotes the Jacobian of U-t, log JUt(x) — f^div v u )(U s x) ds, and 



q £ (U-tx, ln(x,c) (*) <p(U- t x + C) JU- t (x) dtd(. 



To proceed we will show that C" 1 e _1< l > v u is a test vector field in Vp for a suitable C > 0. To this 
end it suffices to check that C~ 1 e~ 1 § 6 T>p for some C > 0. 

It is easy to estimate |$|oo- Because of the uniform transversality of the stable and unstable 
foliation, r(U-tX, £) < const ||£|| so that, for each C with q e (U-tX, £) ^ 0, the set {t £ K : < t < 
r(U-tX,C)} is contained in the interval [0, const e]. Hence |$|oo < C^l^loo < Ge with a constant 
C > which depends only on the stable and unstable foliation. 

It remains to estimate -fff($). Various points and corresponding stable and unstable fibres 
which we use in the following computation are shown schematically in Figure ^. Here are some 
estimates on distances between related points. 

We abbreviate U-tX as xt etc. Then, if s is sufficiently small, 



(3.3.14) 



d(x t + C, Vt + = d(x t ,y t ) < 2d(x, y) 
d(x t + C, [x t +C,Vt + C]) < const d(x t + (,yt + < const d(x, y) 
d{yt + C> [ x t + C> Vt + C]) < const d{x t + (,yt + () < const d(x, y) 



for suitable constants that depend on the lower bound of the angles of intersection of the stable 
and unstable foliation and other quantities associated with them.p 4 | 



34 On general manifolds a term of higher order in d(x, y) must be added on the r.h.s. of these estimates, but this 
has no consequence if 8 is chosen small enough. 
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We turn to the Holder estimate for <I>. 



< 



(3.3.15) 



Qe (xt , ifi^.C) (*) (<P( x t + - ¥>( [xt + C> Vt + CD) JU- t (x) dt d( 
Qe(xt,C){ 1 n(x,o( t ) l f(ixt +C,Vt +C])JU-t(x) 
- lQ( y ,c)(t) <P(3h + ■W-tG/)} 



// 



(9e(2Ci, C) ~ Qe(yt,0) info.oW ^ + JU -t(y) dtd( 
+ A 3 



Notice that accordi ng to o ur assumptions JL/_t is C Q -close to 1. 
The ^3-part in (3.3.15) is most easily estimated, since 

\q £ (x t , C) - q s (ytX)\<M2 a d(x,y) a p a£ (x t , C) 

by Definition 2.4.1 and ( |3 .3.14 ), and since < \t\ < \r(y t ,Q\ < const ||C||- This implies 

(3.3.16) A 3 < const e \cp\oc d(x, y) a < const e d(x, yfS^ 1 ^ 13 . 

Denote the expression in curly brackets in A 2 by G(t, Q. For each fixed (, the Lebesgue measure 
of the set of the points tgR that belong to exactly one of the two indicator sets is of order 

\r(x t ,C) ~ r(y t ,0\ 

< \(T 2 (x t +0- r 2 (xt)) - (T 2 (y t + C) - T 2 (y t ))\ + C d(x t ,y t ) a \T 2 (y t + £) - T 2 (y t )\ 

(3.3.17) = l(r 2 (z t + C) - r 2 ( yt + 0) - (r a (i t ) - r 2 (^ t ))| + cd(x t , Vt ) a \r 2 ( yt + ()- r 2 ( yt )\ 

< IKII \\Dr 2 (x t + qC) - DT 2 (y t + <)|| +Cd{x u y t ) a ||C|| \\DT 2 (y t + q£)\\ 

< HCII Cd(x t ,y t ) a < IKII Cd(x, y ) p S a ~P 

where T is a local C 1+a diffeomorphisms that straightens the stable and unstable foliation simul- 
taneously, see Lemma 3.3.1 . Therefore the corresponding part of the integral can be estimated as 
Ced(x,y)' 1 8 a -P\(p\ oa < Cedix^fS"/-! 3 . 

Now consider for fixed C the set of those i e 1 which belong to both indicator sets. Then 
Yq C [0, const e], and for t G we have 

G(t, C) = (<p([x t + (,y t + CD - <p(vt + 0) -W-t(v) + <fi([*t + C,y t + CD (JEMs) - JU- t (y)) 

=:A 2>1 (t,C)+A 2i2 (tX) ■ 
A 2 ,i and A 2 ^ 2 are easy to estimate: 

\A 2A (t, C)| < ff» d([x t +(, yt + Q,y t + Cr \JU-t\n 

< const H°((p)d[x,y)~i < const yfd 1 '? 
|^a,a(t,C)l < con st l^oo y) Q < const d(x, yfP~ P , 
where we have used tp £ 2? 7 . It follows that 

(3.3.18) A 2 < const e d{x,yf . 

To estimate A\ we shift the difference in A\ to the kernel q £ using the following change of 
variables: * ( :{Cel 2 : ||C|| < e} -» X, C ^ C := [x t + C,Vt + C] - art- 

Sub-lemma 3.3.6. TTie map Vf't is injective and there is a constant C > 0, which can be chosen 
the same for all x, y and t < r(U-tX, C), such that 



(3.3.19) 



sup ||tf t (C)-Cll < C min{ed(x,y) a ,d(x,y)} . 
K\\<b 



In addition 'J't is absolutely continuous and its Jacobian J^ t satisfies 



(3.3.20) 



sup |J¥ t (C)-l| <Cd(x,y) a . 

IICII<s 
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Proof. The proof is very similar to that of Sub-lemma 3.3.3 



The role of the points z and x in that Sub-lemma is played by the points Xt and yt here, that 
of Tt z {y) and ^ z {y) by x t + C an d [ x t + CiVt + C]- The only difference is that r 2 (z) = r 2 (a;) in that 
proof, while in the present situation ^(xt) — T2(yt)\ < C min{d(xt,yt)-,td(xt,yt) a }- Therefore 
the estimate (3.3.4) does not change at all (except for the constant) whereas the estimate in (3.3.5) 
is replaced by the weaker one . . . < const d(xt, yt)- This leads to 



\\MO-C\\ = \\[xt + C,yt + C]-(xt + 0\\<Cmm{ed(x,yr,d(x,y)} . 



□ 



Armed with these estimates we continue to estimate A\ from (3.3.15). Observe first that 
q e (x,C) lfi(x,o(*) <P([ x t + C,Vt +(})d( 

q e (x, V^C) l n(x ,* t -^)(*) <P(x t + C) ™t\() dC 



and that, as in ( |3.3.17| ), 



Hx t ,C)-r(xt,9t l C)\ < \\C\\Cd(x,y) a . 



This implies 

A 1 < 



\<p(x t + Q\\q e (x, - q e (x, V^QlJU-tix) l n (»,o(*) dtd C 
Mxt + ()\qs(x^t 1 () |ln(x,C}(*) - W.^^oWl JU- t (x)dtd£ 
\<p{x t + QlUx^O Inc^-^jC*) I J^T'iO - l\JU- t (x)dtdC 



< const |^| «, [sM sup 1 ||C — *T 1 (C)II +2-Ced(x iy ) a ) 

\ 0<t<r(x t ,C) J 

< const e d(x, yfd 1 ' 13 

where we used ( 3.3.1 9| ) for the last step. 

Combining this with fl3.3.15| ), ( |3.3.16| ) and d3.3.18j ) we find that, for ip £ 2? 7 , 

|$(x) - $(y)| < const e < 5 7 ~' 3 d(x, yf 

so that € 2?g for sufficiently small <5. It follows that e" 1 ^^" 6 V/3. Therefore, 

(3.3.21) |/i|<e||/|| UJ 

see ( |3 . 3 . 1 2 ) and (3.3.13) to recall the meaning of I±. 
It remains to estimate the integral 



Qe(x, ()f([x, x + (])tp(x + () d (- f( x )v>(x) m{dx) , 

M VR 2 J 

see ( ^■3.12| ). The strate gy is similar to that for the estimate of I±. For each £, we use the coordinate 
change ^({x) := [x,x + Q. 

Sub-lemma 3.3.7. The map is injective and there is a constant C > 0, which can be chosen 
the same for all x and £ and y G W s (x), such that 



(3.3.22) 



\\^7 1 {x)-x\\<C\\C\\ 



(3.3.23) ||*f X (aO - *C X CS/)II < Cd(x,y) . 

In addition ^ is continuously differentiable and its Jacobian satisfies 

(3.3.24) \J* c (x)-l\ <CU\\ a 



(3.3.25) 



|J¥<(s)- jy ( (y)\<Cd(x,y) a 
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Figure 6. 



We postpone the proof of this Sub-lemma to the end of this section. 
Using the coordinate change 



M 



(q £ (*- 1 a ;,C)^ 1 x + C)J*c 1 (^)-fe(^,C)^)) dc) f(x)m(dx 



M \JR 2 



q e (*c x> + 0«(W ~ /(a:) m(dx) 



m(efcc) + / $2(x)f(x)m(dx) , 

M J M 

and we have to estimate |$i|oo and H s J$i) in order to bound li in terms of ||/| 



We start with the estimate for $i. In view of Remark 2.4.3 and of (3.3.22) we have q £ (^^ £,C) < 
const pae(x,C) So it suffices to show that, for each fixed £ with ||£|| < e, the supremum and the 
/3-H61der constant of 

§i,i(x, := ifii^x + C) ~ <p(x) and ^ 2 (x, Q := v(*fx + 0(J^\x) - 1) 

are bounded (uniformly in by const e 7- ' 3 . The relevant points are sketched in Figure ^. 
Recall that cp € P 7 . Then 

|*i,i|oo < ((C+ l)e) 7 ^M < const e^ (i 
because of ( 3.3.22| ). Similarly, invoking (3.3.24), 

|*i, 2 |oo < \v\ooCe a < const . 

To analyse the Holder constant of we conside r two d ifferent cases which may happen for 
points x and y S W s (x). First, if d(x,y) < e, we use ( 3.3.23 ) to estimate 

|$ M (x, C) - $1,1(2/, C)l < \<f(*?x + C) - v(*fy + C)| + \<p(x) - 
< const d(x, y) 1 H*(y) 



< const £ 



7-/3 



(Observe that tf^x) + C G W^(x) = H"(y) 9 1 (y) + (.) 
Otherwise, if d(x, y) > e we proceed as follows: 

|$i,l(x,C) " $1,1 (V, 01 < 2|$i,iU < const e 7 < const e 1 ^ d(x, yf . 

In any case, 

tfj($i,i(.,0)< const . 
The Holder constant of $12 is estimated along the same lines using 

Q3.3.25Q " the details arc; 

left to the reader. 
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We turn to the estimates for <& 2 . Because of ( |2.4.2 ) and (3.3.22) we have 
|$ 2 |oo < \v\oc M(C||C||) a < const e a < const e 1 ' 

In order to estimate the Holder constant of $2 we consider the cases d(x,y) < e and d(x,y) > e 
separately as in the estimate for This yields 

iff ($2) < max {const H°{ip) e~<- p + const e""' 3 , const e""' 3 } 



< const e 



1-0 



□ 



Proof of Sub-lemma 3.3.7. Let T be a C 1+Q -diffeomorphism as in the proof of Sub-lemma 3.3.3. 
This means that 



iM*- 1 ^ = ri(a:) , Tii^x + = r 2 (a;) 



Hence 



r(*^ 1 a;) -T(x) 



< 



r 2 (*7 1 x)-r 2 (x) = T 2 (V7 1 x)-T 2 {*7 1 x + 



ICII 



for a suitable t £ (0, 1). This implies ( |3.3.22| ). 
To proceed further, we need the estimate 



(3.3.26) 



D(T 2 o tf" 1 - T 2 ) ]x < const lid!" 



This is proved as follows: Since r 2 (a;) = x + £), we have 

z?(r 2 o -DT 2{x " 



^r 2 |* { -i x • D*f ]x D(T 2 o (*-! + C ))| 3 



DT- 



< const \\C\\ a sup 



C | 



and 
(3.3.27) 



sup 



< 00 



since the manifold M is compact and since ^ ^ is d etermined by the implicit function theorem. 

Now we apply fl3.3.26D to prove estimate ( |3.3.23| ). Since Ti^^y) - T^^x) = (y) - Ti (x) , 
it suffices to estimate ^(^J 1 ?/) — T 2 (^7 x). To this end let to := Ti(y) — Ti(x) and assume 
without loss of generality that to > 0. For < t < to denote Xt := r _1 (rx + te%). Then xo — x, 
xt =y, and 

T 2 (*fy) - r 2 (*- 1 x)| - J (r a (9^ Xto ) - r 2 x to ) - (t^^xq) - T 2 

< |*o I ^(Tao^-ra)^ 

< const U\\ a d(x,y) . 



2X0 



We turn to the proof of (3.3.24). Obviously it suffices to estimate H-D^ (x) — 1 1| where 1 
denotes the identity matrix. 



< 



DT' 



|r(*7^) 



< const 

< const 



c 

-1 



D(To^-%-DT ]x 
DT 



D(T 2 o^-%-DT 



cir 



const d(* c 1 x, x) a 



where we used (3.3.26) and ( 3.3.22| ) for the last step. 

The proof of estimate ( 3.3.25| ) is more subtle. To simplify the notation denote by G and H the 
maps x 1— ► ^^(x) and x 1— ► ^7 (x) + (, respectively. Then DG\ X — DH\ X and hence 

DT-\ T(Gx) D(T o G) ]x = DT- l {r(Ha) D(T o H\ x 
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so that 



D(T o G)\ x - (DT lGx (DT^y 1 ) D(T o H\ x =: (1 +A Cx ) D(T o ff) |tc . 

Since d(Gx,Hx) = ||C||, it follows that \\A (tX \\ < const ||C||". 

Now consider again x and y with r 2 (a;) = r 2 (y). For such points 

D(T o G) ly - D(T oG) [x = D(T oH)\ v - D(T o + A f ,„ • D(T o H) [y - A Cx ■ D(T o if). 
Multiplying this equation with the row vector e 2 = (0 1) from the left we obtain 

D(T 2 o G)\ y - D(T 2 o G)| X = OT 2 |, - OT 2 |, + e 2 • (A f)V • D(r o - A (>x ■ D(T o 
because r 2 o iJ = T 2 . Observing now that also ri o G — Ti we can conclude that 

||r>(roG)| V -D(roG) |!B || 

< \\DT ly - DT lx \\ + \\A Cy ■ D(T o H)\ v - A (>x ■ D(ToH) lx \\ 



< const d(x,y) a + \\A Cv -A Cx \\ \\D(T o H)\ y \ 

< Ci d(x, y) a + C 2 e a \\D(T o H) ]y - £>(r o H) 



\A Cx \\ \\D{ToH\ y -D{ToH) y 



for suitable Ci,C 2 > 0, where we used the boundedness of ||-D(r o iJ)| y ||, the estimate ||Af )X || < 



const || CM " an d the fact that ||A^- iy 
So we proved 



K,x\ 



< const d(x,y) a in the last step. 



\\D(T o G)\ y - D(T o G)\ x \\ -C 2 e a \\D(T o H)\ y - D(T o H) ]x \\ < dd{x,y) a . 
Interchanging the roles of G and H we obtain in the same way 

\\D(T o H) [y - D{T o H) ]x \\ - C 2 e a \\D(T o G)\ y - D(T o G)\ x \\ < C x d{x,y) a 
with the same constants. Therefore we can add both inequalities and arrive at 

2C 1 d{x,y) a 



\\D(ToG) ly -D{ToG) lx \ 
provided e > is sufficiently small. Hence 



\D(T o H) ly - D(T o H) lx \\ < 



1-C 2 e a 



< 



"< \v 
DG, 



C \x 



DG 



kl 



DT 

dt; 



|r(G v ) 



|r(Gtx) 

|fl(roG)i 



r(&; 



||£>(roG)| W -x>(roG0| B | 



\T(Gy) ^ |P(Gx) 

< const cZ^V^M" -D*^" 1 , + const y) Q 

< const y) Q 

where we used ( 3.3.23 ) and ( |j.3.27 ) in the last step. From this estimate ( 3.3. 25| ) follows immedi- 
ately. □ 

3.4. Proofs: Spectral stability Deterministic Perturbations. 

Let T be a C 3 Anosov diffeomorphism of the 2-dimensional torus T 2 . Our goal is to prove that 
the spectral properties of the associated transfer operator do not change much under C 1 -small 
perturbations as long as the C 3 norm of the perturbed maps remains smaller than some constant 
K > ||T|| C 3. From now on we will use T to denote any Anosov map such that c^i (T, T) =: I << 1 
and ||f || C 3 < K. 

Since we are working now with spaces associated to T and also with spaces associated to T, we 
will denote the space of test functions related to T by Vp, the resulting norm by || • ||~ etc. 

The essential geometric fact that makes it possible to compare Ct ■ B — ► B and Cf : B — ► B is 
contained in the following Lemma. 

Lemma 3.4.1. There exist constants C, p > such that, for each f € C 2 . 

ii/ii < c£"\\fh,i + c\\f\r 

where \\ ■ |L x denotes the L 1 -Sobolev norms. 
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Proof. By using a smooth partition of unity we can always restrict ourselves to a situation in which 
the functions are all supported in small balls of radius rj^] In such a ball one can consider two 
changes of variables T and T that straighten the foliations of the maps T and T, respectively. As 
seen in the previous section these are C 1+a . 

Accordingly, setting F := T^ 1 of 1 , F is C 1+a . More can be said. 

Sub-lemma 3.4.2. There exist constants C > and p > such that 

11-F-IdHoo < Ci p and \\dF - 1 < Ci p . 

Since the above result is hardly surprising and its proof is a bit technical we postpone it to the 
end of the present section. 

For each p £ Vp and / £ C 1 holds 



ftp dm 



< 



T 2 



(f-foF-^-tpdm 



< Il/H^illld-F- 



/ / • (po F)JFdm 
Jt 2 

/ f(poF)JF dm 

Jf 2 



Clearly there exists C > such that C 1 ip o F ■ JF £ T>p, hence Sub-Lemma 3.4.2 implies 

ll/IU<c||/IM' + c||/||7. 

Analogously, 

df(tpv u )dm= [ d F f[{v u oF){p>oF)]JFdm = J d(f o F)[((DF~ 1 v u ) o F){p> o F)]JF dm 



T 2 



T 2 



Since F sends the stable and unstable manifolds of t to the corresponding ones of T and is C 1+a 
it follows that there exists an a-H61der function u> such that (DF^ 1 v u ) o F — uv u . Accordingly, 
v := C~ 1 (DF~ 1 v u )o F ■ (po F ■ JF £ Vp, for some constant C > 0. Therefore the following estimate 
finishes the proof: 



T 2 



\d(foF)(v)-df(v)\dm 



T 2 



\d F f(dF(v)-v)\dm 



\(d F f-df)(v)\dm 



< ||/||i,i||dF-l|| 0o + ||/|| 2 , 1 ||F-Id| 
<CF||/|| 2)1 



where the last inequality follows from Sub-Lemma 3.4.2 



□ 



Some further estimates are collected in the next lemma. 
Lemma 3.4.3. Under the above assumptions on q £ , T and T , we have for all f £ C X (T 2 , 



(3.4.1) 
(3.4.2) 
(3.4.3) 
(3.4.4) 

Furthermore, 
(3.4.5) 



II QefW W < const e^ll/lli 
WQefh < const e-'WfW^ 

|| Qef || 1,1 < Const £- 2 ||/|| M 

HQe/llv < const £- 3 ||/|| ( ^ 
I {C T -£f)f\\i< const • distci (T, f) \\f\\ Xtl 



Proof. For p £ Dp, j J2 Q e f ■ ipdm < ||Q e /||i < ||/||i, so ||Q e /|| s < ||/||i. In order to estimate 
||<3e:/||u, let v £ Vp. Observing that q £ is a convolution kernel, one verifies easily that for / £ 
C^T 2 ,^) 

[ d(Q e f)(v)dm= [ D{Q e f)-vdm= [ Q e {Df)-vdm= [ Df-Q e vdm 
jt 2 Jt 2 Jt 2 JT 2 

= - f /div(g B ») dm <||/||i- || div(Q e «)||«, , 
Jt 2 



and | div(Q e v)\ < const e 



< const e 1 . Hence ||Q e /|| < const e 1 ||/||i, and since the same 



arguments apply to the || • ||~ norm, this finishes the proof of ( p. 4.1 ). 



35 If in doubt look at Lemma 3.6.] 
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Next we estimate ||Q E /||i- To this end consider cp S C 1 (T 2 ,R) with \tp\oo < 1- Then 

/ ipQ E fdm = Q* £ <pfdm < max{|Q* ¥ j| 00 , H%(Q*(p)} ■ \\f\\ s < const e" 1 ||/|| . 
Jt 2 Jt 2 

As ||Q e /||i is the supremum of all such integrals, this proves ( 3.4.2[ ). Again the same estimate 
applies to the || • ||~ norm. 

The proof of fl3.4.3| ) is similar to that of ( |3.4.2| ). Consider v <E C 1 (T 2 ,R 2 ) with Moo < 1- Then 



/ D(QJ) -vdm = - [ QJ div(«) dm = - / 
Jt 2 Jt 2 Jt 2 



f div(Q*w) dm 



< max{| div(Q»| co , J ff|(div(Q»)} • ||/|| s < const e~ 2 ||/|| , 



and the argument is concluded as before. Estimate ( 3.4.4 ) is proved in the same way. 

We turn to ( 3.4.5| ). To this end we consider T _1 and T _1 as maps from [0, l] 2 to M 2 and denote 
w(x) := T- 1 (ar) - T^ 1 (x). For t E [0, 1] define 

S t (x) := (l-t)T-\x) +tf-\x) and g t {x) := JS t (x) , 

so Sq = T^ 1 and Si = T^ 1 and go, g\ are the Jacobians of T~ x and T" 1 , respectively. Therefore, 
not writing the variable x explicitly and extending / periodically to the covering R 2 of T 2 , we have 

\£ff - C T f\ = 1/ o -Si • gi - / o S ■ g \ 

- 1 d 



< 



dt 



(f°Sf g t ) 



dt 



< IMI 



St\- 


dgt 


dt 




dt 




d . 








■J 

oo JO 



I \Df\oSfJS t dt+ ^-lng t f \f\oS t -JS t dt 

JO at oo JO 



Fix a > such that K t := S t ([0, l] 2 ) C [-a, a] 2 for all t € [0, 1]. Then 

||£ f /-£T/Hi< \H\oo-J o (J^ \Df\dmj dt + sup J^lnst ■ jf Qf 



|/| dm df 



< a 2 ( IMloo + sup 



6»f 



In St 



l/ll 



Clearly, ||itf||oo < const ■ dist^o (T, T), and a routine calculation shows that 

oo 

Y / (-t) k - 1 trace ((DS )~ 1 DSi - if 

k=l 

2\(DS Q )~ 1 DS 1 -l\ 



d 1 




di ln9t 





< 



l-KDSo^DSt-l] 



< const • dist c i (T, T) 



provided this distance is small enough to make the denominator of the fraction not smaller than 
|, say. □ 



Introducing smooth averaging operators Q e we can get rid of the Sobolev norms in Lemma 3.4.1 



Lemma 3.4.4. Suppose that T and T are C 3 -Anosov diffeomorphisms ofT 2 , ||T||c3, ||T||c3 < K. 
Let q s (x, y) = e q{e {y — x)) be C 2 . Then there is a constant C > that depends only on q and 
on T such that for sufficiently small e > holds: If distci (T, T) < e~? , then 



E /||<C||/|r and \\Q e f\r<C n/ii 



for any f E C^T 2 ^). 



Proof. From Lemmas 3.4.1 and 3.4.3 follows 

WQefW < C£ p \\Q e f \\ 2 .2 + C\\QJ\r < C^£- 3 ||/|| + C||Q e /||~ , 



and the first inequality follows by Lemma 2.4.6. The second inequality is proven in the same way 
since the roles of T and T are perfectly symmetric. □ 
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Proof of Proposition 2.5.1. We fix r > a and S > and consider only z with r < \z\ < 2 and 
dist(z, sp(£)) > 5f®\ Several constants introduced in the sequel will depend on r, 8 and R(z) in 
various ways, but we will not precisely keep track of them in this section. So "const" denotes an 
arbitrary constant that depends in particular on z, but not on s. 

Recall from Remark 2.4.11 that Proposition 2.4.9| applies also to Q e CQ £ and hence gives esti- 
mates on R e (z) = (z — Q £ CQ £ )~ 1 . In particular, ||i? e (z)|| < const. Therefore 

\\R £ {z)Q £ {C T - £ f )Q £ f\\ < const \\Q £ {C T ~ C f )Q £ f\\ 

< const e - 1 \\(C T -Cf)Q e f\\ 1 

< const e- 1 dist C i (T,T) || Qe/Hi,! 

< const e~ 3 dist c i (T,f) ||/|| 



so that 



\(l + R e (z)Q e (C T -C f )Q e )- 1 \\ < 2 



provided that distci (T, f) < \ const e 3 . Since R £ (z) = [1 
follows that 



R £ {z)Q £ (C T - C f )Q £ ] 1 R £ {z), it 



(3.4.6) 

Observe next that 



Re{z) 



z-' + z- 2 



\\R £ (z)\\<2\\R £ (z)\\ . 
Q £ £fQ £ + z~ 2 Q £ £fQ £ R £ (z)Q £ £fQ £ 



Then it follows from ( 3.4.6 ) and from Lemma 3.4.4 that 
(3.4.7) \\Re(z)\r < const (1 + ||i? £ (2)||) 



The next step is to apply Proposition 2.4.9 to Cf and Q £ CfQ £ with the roles of these two 
operators interchanged, i.e. interpreting Cf as a perturbation of Q £ CfQ £ . This is possible, 
because of the following two observations: 

1) The operators Q £ £fQ £ satisfy the Lasota-Yorke type inequality from Lemma [2.4.7 with uniform 
constants that are close to those for Ct and Q £ CtQ £ , cf. Remark 2.4.11. (The dependence of 
these constants on the map T is continuous under C 2 changes of T '.) 

2) In view of ( 3.4.7 ) and our convention on the use of "const", |ji? e (z)|j~ is bo unded in terms of 
quantities depending only on T and on the kernel q(x,y). Therefore Remark [2.4. 1C guarantees 
that 



(3.4.8) 
(3.4.9) 



\\R(z) 
\R £ (z)-R(z)\ 



< const and 

< const e' 7(7 " /3) 



with constan ts tha t do not depend on T and on e if e and di st c i (T , T) are small enough. 
Estimate ( 3.4.S) is exactly assertion ( 2.5.2 ) of Proposition 2.5.1 . 

For assertion ( 2.5.3 ) of this proposition - as discussed in section 2J5 - we must bound the three 
terms 



(3.4.10) 



|||i?(z)-i? £ (z)|||, \\R e (z)-R £ (z)\\ C r^)*, \\\R £ (z) - R(z) 



where R(z), R{z), R £ {z) and R £ {z) denote the resolvents of Ct, Cf, Q £ CtQ £ and Q £ CfQ £ , 
respectively. Because of ( |3.4.9 ), the first and the third term are bounded by const £'J(t~' 3 ). It 
remains to estimate second one. Observing the resolvent estimate ( [3.4.7 ), the norm comparisons 
(2.5.1) and Lemma 3.4.3, we have 

(r £ {z) - R £ {z)) f < R £ (z)Q £ (Cf-C T )Q £ R £ (z)f 



< const • \\Q £ {C f - C T )Q £ R £ {z)f\r 

< const -e- 1 \\{Cf-C T )Q £ R £ {z)f\\ 1 

< const -s- 1 -dist c i (T,T) \\Q £ R £ (z)f\\ 1A 

< const -fT 3 • dist c i (T, f) \\R £ (z)f\\ 

< const -e^ 3 -dist c i (T, f) |j/|j cl . 



36 Since p sp (C) < 1, estimate (2.5.2) is trivially verified for \z\ > 2. 
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Collecting the estimates for the three terms in (3.4.10) and setting e = dist c i(T,T) p ^ 3+r1 ^ W we 
conclude that 



\\R(z) - R{z)\\c^{c^y < const • dist c i (f, T)^^ 



This is (p.5.3 ) 



□ 



Proof of Sub-Lemma 3.4.2 . If v u (x) and v u (x) are the unitary vectors fields in the unstable 
directions for the two maps, it is clear that there exists po > such thatf^| 

(3.4.11) \\v u (x) -v u (x)\\ < C£ p0 . 

The estimate \\F — Id Hoc < C£ po is an immediate consequence of ( 3.4.11 ) and the definition of F. 
The second is more subtle and requires some work. 

We start by studying the derivative of the map V : U — > M 2 . From the definition of Y is follows 
immediately that 

d_ 

w 

d_ 

drj 

where J s o r -1 (£, rj) is the Jacobian of the holonomy from the unstable fibre r _1 {(0, •)} to the 
fibre r -1 {(£, •)} at the point (0, 77) , and J u o r _1 (^,ry) is the Jacobian of the holonomy ffi from 
the unstable fibre r _1 {(-, 0)} to the fibre r _1 {(-, 77)} at the point (£, 0). While v s ,v u are the stable 
and unstable unit vector fields respectively. 
The above formulae imply that 

V s or- 1 



: r- 1 (e,7?) = « s (r- 1 (e,7?))J"or- 1 (e,r / ) 
-r- 1 (e,r / ) = u "(r- 1 (e,r / ))j s or- 1 (e,r ? ), 



(3.4.12) 



DY~ 



A 









j u or- 



.4 



As the same formulae apply to the change of coordinates Y associated to the map T, we have 

' j s or _1 

'A- 1 , 



DF = A 



,7 s or- 1 






j"or~ 



(3.4.13) 

j"or-! , 

where the tilde designate the quantities relative to Y. It is immediate to see that A, A are C 1+a 
matrix valued functions. Moreover, the fact that the distributions are uniformly transversal, equa- 
tion (3.4.11) and the fact that \\F — Id||oo < C£ p " show that there exists a constant C > such 
that 

PHoo + llilloo + HA-ill^ + lli- 1 ! 

\\AA- 1 -lW^ <C£P°. 



< C 



Hence, to see that DF is close to unity we need only to control the ratio between the Jacobians 
of the corresponding holonomies. Since the stable and the unstable one are treated exactly in the 
same way we will consider only the unstable ones. We want to prove that there exist C, p > such 
that 

j^r 1 



(3.4.14) 



1 



< CP. 



j« or- 1 

The above fact is a ready consequence of the well known formula for the Jacobian of holonomies 



,r(x) = n 



Dy n T\ E S {yn) 



n=0 D ^ T \E»i*n) ' 



37 This follows from the standard construction of the unstable distribution by cone field contraction. Given a 
strictly invariant continuous cone field C(x) for the map T, it will be strictly invariant for T as well, provided the two 
maps are sufficiently close in the C 1 topology. Accordingly, for each x £ M the cones C n (x) := D T -n x T n C(T~ n x) 
and the analogously defined C n (x) shrink at an exponential rate towards the respective unstable directions v u (x) and 
v u (x). Hence there exist v £ (0, 1) and C > such that for each vector v £ C(T~ n x) holds — D T -„ x T n v\\ < 

Cv n and the same for T. On the other hand 



< A n £ 



for some A > 1, from which, by choosing n appropriately, the statement follows. 
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where xq := x = T (£,r)), yo '■— H^(x) and x n :— T n x, y n := T n y. Since xq and yo are on the 
same unstable fibre, \x n — y n \ < const -A~™|a;o — yo\, so that there is some constant C > such 
that, for each A G N, 







J u (. 


Accordingly, letting 


I x := F- 1 






J"(z) i 






J u (x) 





N 



n=0 A/» T U«(l/„) 



< ex: 



-N 



— D y n T \E*(y n ) ■ D x n T \ E *(x n ) 



n 



„=o D x n T\ E . {Xn) ■ Dy n T\ & .^- n) 



< CX„ 



-N 



N 

n 



D x n T\E>{x n ) ■ D y n T \E-(y„ 



Denote by A the maximum of the derivatives of the maps in the neighbourhood under consideration. 
Since we know already that \x - x\ = \F(x) - x\ < Cl Po , it f ollows that \x n - x n \ < £ p0 CA™, and 
the same estimate holds for \y n — y n \. Remembering ( p. 4. 11 ) and the fact that the foliations are 
C 1+a this yields immediately 



J u (x) 



J u {x) 



- 1 



< CX 



-N 



C£ p0 A N \\T\y . 



The result follows then by choosing A = [°^ n ^ , which yields p = Po gn^A) • 
3.5. Proofs: Spectral stability Ulam finite rank approximation. 



□ 



Proof of Proposition 2.6.3. Our starting point is the formal identity 

(z - Ca.s)- 1 = (1 + {z - QeC)-\l - n A )Q e Cy\z - Q.C)- 1 . 

S v ' 

We show that M is indeed invertible: For / S C 1 (T 2 ,M) we have 

\\( z ~Q £ c)- 1 (i~n A )Q £ cf\\ 1 

< IKz- 1 + z- 2 Q £ c)(i - nXiQeCflh + \\z- 2 Q £ C(z - Q £ £)- 1 g £ £(i - n^)Q £ £/|| 1 



<(■ 



,-1 i ~-2l 



— e- 1 11/11! + const e- 1 \\ (z - Q^Q^l - Il A )Q £ Cf\ 



where we used (3.4.2) and Lemma 2.6.1, Using Proposition 2.4.9 the second summand is further 
estimated by 

\\(z - g e £)- 1 Q e £(l - Tl A )Q e Zf\\ < (a + b) \\Q £ C(1 - Il A )Q e Cf\\ 

< const e- 1 N- 1 ||Q £ £/||bv 

< const A" 1 e~ 2 || /||i 



where we also used ( 3.4.1 ) and Lemmas 2.6.2 and 2.6.1 . Combining both estimates we see that 

||(z-g e £)- 1 (l-n^)Q £ £|| 1 < const A -1 e~ 3 . 
This proves that N is invertible with ||A/" _1 ||i < 2 if A _1 e~ 3 is sufficiently small. Hence 

|| (z - /UerVId < 2 || (z- 1 + z- 2 Q e C + z- 2 Q £ C(z - Q e £) _1 Q s £)/|| 1 

< const (\\fWx + E- 1 \\(z - Q £ Cy 1 Q £ Cf\\) 

< const (ll/lh + E^HQ^/H) 

where we used ( |3.4.2|) . This proves ( p.6.4| ). 
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Wc turn to the proof of (2.6.5). 

IK^-g^r 1 -^-^)- 1 )/^ 

= ||(z - Q s C)- l {U A ~ l)Q e £(z - C A , e )- l f\\ w 

< \\z-\nA - l)Q £ £(z - Ca.s)- 1 /^ + \\z-Hz - Q e C)- x Q e C(IL A - l)Q s £(z - C A , e )- x f\\ 

< const N' 1 \\Q £ £(z- £ A , £ )- 1 f\\ By + const N~ x e' 1 \\Q e C(z - f\\ By 

< const iV -1 e _x e -1 \\(z - C^y 1 

< const N- 1 e- 2 (\\f\\x + e" 1 ||Q E £/||) 

< const N^e- 2 (\\f\U + e~ l ||/||) 

< const N^s^WfW^ . 

This is even a bit stronger than ( [2.6.5 ). □ 



3.6. Proofs: Compact embedding. In this section we prove Proposition 2.2.2 . We start with 
a simple remark on products of functions. 

Lemma 3.6.1. For each 4> € C 2 (.M,R) there exists such that, for each f £ C 1 (M.,1RL) ! holds 

< C4f\\ w , ||/0|| s < cvu/iu , ||/^||„ < c^||/|| . 

Proof. A direct computation yields, for each </? S 2?^, /3 G (0, 1], t) 6 V^, 

" ' a T) • ^ i= V • c T) 



\4W p 101c- p ' 1^1 



From this the lemma follows immediately with C<p — 2\<f>\c2. □ 

The above Lemma allows us to use a smooth partition of unity {4>i} and write / = /<^j. The 
advantage consists in the possibility of working locally and using explicit coordinates which makes 
the argument more transparent. 



Proof of Proposition 2.2.2. Let us set r' := min{r, 1}. The idea of the proof is to represent 



the embedding B — > B w as a composition of compact and continuous linear maps: 

b (C 3 )* x (ch* (c~< T 'y x (c~< T 'y b w 

compact v / v / 

/ (f,df) (f,df) f 

The first embedding is continuous, because \\f\\* C fj < ||/|| s , ||4f — ll/IU- The compactness of the 
second embedding is equivalent to the compact embedding of C~ fT (Ai,M.) into C^(Ai,M), and this 
is well known because jt' > (3. The continuity of the last embedding is an immediate consequence 
of the next lemma. □ 

Lemma 3.6.2. There exists K > such that, for each ip € T> 1 , there are (j) v £ C 1T (M.,M) and 
€ C^' (M,R) DVp with 

and such that for each f <= C 1 (A / 1,1R) 



fipdm— / f<fi v dm + / df(y' p ) dm . 
M J M J M 

The rest of this section is devoted to the proof of this lemma. We need some more preparations. 



By Lemma 3.6.1 it follows that we can restrict ourselves to functions supported in some small 
open set U. In particular we require that U belongs to only one chart $ : U — ► R d . Using the 
Cartesian structure of the chart we can identify all the tangent spaces in U with the tangent space 
of a chosen point z S U. We can do a linear change of coordinates in $(£/) such that in the new 
coordinates E u (z) = {(x, 0) G R d : x e R d "} and E s (z) — {(0, y) G R d : y £ R Ss }. In addition, 
without loss of generality we can assume that $(z) = (0, 0) and &(U) is the product of two balls 
of radius 4r centred at zero. 

From now on we will use the Cartesian coordinates (x, y) without further comments and we 
will identify U with $(£/)■ Note that, since <I> is smooth, the Riemannian distance is uniformly 
equivalent to the Cartesian distance in the chart. 
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Let us specify more precisely how small the set U needs to be. The first smallness assumption 
on U results from the requirement that all unstable manifolds in U can be viewed as a graph of 
a function of x. We can then introduce the maps H : R 2d "+ d = ->■ R d = defined by the following 
requirements 

• H(x,x,y) = y; 

• for each (x,y) £ B 3r (0) x B 3r (0), {(£,H(x,£,y)) : £ e 5 3r (0)} is the local unstable manifold 
containing the point (x, y). 

The point (£, H(x, £, y)) is nothing else than the intersection of the unstable manifold of the point 
{x,y) with the subspace {(to, z) e R d "+ d = : to = £}. This implies the obvious formula 

(3-6.1) H(C,{,H(x,C,y)) = H(x,t,y). 

Depending on which of its three arguments we fix, H can serve various purposes and have 
different smoothness properties, which can all be inferred from the information on stable and 
unstable foliation collected in the appendix. 

(3 6 21 ^ 0r ea °k ( x ' ^ e B 3r (0) x B 3r (0) the function £ i— > H(x, £, y) is of class C 3 , since it is 
just a straightforward parametrisation of the unstable manifold through (x,y). 

This leads to a second smallness requirement, namely sup^ \ \\H(x, ■, y)||c 1 (B 3r ) < ffl Accord- 
ingly, {JT(x,£,y) : £ £ S 3r (0)} C B 4 r(0). Moreover, 

For fixed the map y i— > H(x,^,y) is the holonomy along unstable fibres from 

the subspace {(w, z) £ R d "+ ds : to = x} to the subspace {(w, z) £ R d "+ d = : w — £}. 



Denote by J 3 H{x^,y) the Jacobian of this holonomy. 
J 3 H(x, £, y) = J 3 i? (x, C, y) J 3 H (C) £, H(x, C, y)) by equation (|3.6.1[) 



(3.6.3) 

(3.6.4) 
(3.6.5) 
(3.6.6) 

(3.6.7) There is C > such that sup y |1 - J 3 H(x, £,y)\ <C\x-£\ for all x, £ (Lemma |Q|) . 
The instrumental change of variables \& : i? 3r (0) x B 3r (0) C R d — > U is defined by 

(3.6.8) :=(as,H(0,a:,y)) . 



The maps y i— > H(x,£,y) and y i— > J 3 H(x,^,y) are r'-Holder (see ( |A.2| ) and |33|). 
There is C > 1 such that C > J 3 H(x,^,y) > C _1 for each x,£,y (see Q). 



Note that equation ( 3.6.1 ) implies that 

(3.6.9) *- 1 (x,y) = (x,H{x,0,y)) . 

Figure shows how W is related to neighbourhoods of (0, 0) of various sizes. Other basic properties 





B 3r x B 3r 

B^ r x B^ r 

Figure 7. Neighbourhoods related to the \& coordinate change 



are described in the next Lemma. 

Lemma 3.6.3. The change of coordinates \1/ has the following properties: 
a) In the new coordinates the unstable foliation consists of parallel subspaces. 

38 This can be achieved since \H(0,^,0)\ < C|£| 2 , by the C 2 smoothness of the unstable manifolds, and by the 
r'-Holder continuity of the foliation, see the appendix. 
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b) ^ is absolutely continuous and its Jacobian J^(x.y) — J 3 H(0, x,y). 

c) sap y \J*{x,y)-J*{Z,y)\<C\x-Z\. 

d) For each (x,£,y) £ B 3r (0) x B 3r (0) x B 3p (0), H(x, £, y)) = {(w,D 2 H(x,$,y)w) : w e 
K d *}.Q 

Proof, a) is obvious, b) follows from Fubini's theorem, because $ is a skew product over the 
identity, c) is a consequence of (3.6.4) and (3.6.7), and d) is again obvious, since, as already 
remarked, £ i— > (£,H(x,£,y)) parametrises an unstable manifold. □ 

Next we need an auxiliary computation. 

Lemma 3.6.4. Let f € C°(R d " +<is ) with supp(/) C B r (0) be such that £ i-> f(£,v) is of class C 1 
for all v. Then, for all (it, v) € B r (0), 

^2r JB r (0) i=1 Z 2r J B r (0) 

where Z 2r denotes the d u - dimensional volume o/i?2r(0) and 

Proof. The result follows by using polar coordinates around the point (it, v) and observing that 
/ = outside the ball B r (0): 



2r 



/(£,»)#= / tr(d0) / dpp^-'f(p9 + u,v) 

B r (0) JS*" JO 

<r(d0) / dpp d "- 1 (f(u,v)+ [" Df\ te+u . v -9dt 

d. 



Z 2r ./(w,u) + V / o-(d6) [ dtt d "- 1 D. 



if{t0 + u,v)6.. 



(2r) d - - £ d " 



i=l ^B r (0) 



(2r) rf " - ||£-tt|| d " 



where a{dO) is the measure on the d u — 1 dimensional spherical surface S* 



□ 



Lemma 3.6.4 allow s to write the integral of / against a test function in a way that makes the 
proof of Lemma 3.6.2 particularly easy. 



Proof of Lemma |3.6.2 . Let {V>fc} be a smooth partition of unity such that each Vf. :— supp^ 
is contained in an open set Uk where {f/fc} satisfy the smallness requirements previously discussed 
for the generic local neighbourhood U. In addition Uk and Vk are chosen such that, if denotes 
the chart associated to Uk so that $kUk — B ir (0) x B ir (0), then <&fe(Vfc) C B r (0) x B r (0). 

Let us start by considering any (U, V) £ {(t/fc , Vfc)} and consider / £ C 1 , supp/ C V. 

Applying the coordinate change from Lemma 3.6.3 to the function / o \P and using the formula 
from Lemma 3.6.4 we have 



ftp dm 



du dv /(*(k, v)) p(*(u, J^(u, u) 

LI. iu| JB r (0) 

d»de/(*(e.«))-J- / d«^(*(u,«))j*(«,«) 

B,.(0) JB r (Q) Z 2r J B r (Q) 



£ / / ^- / d«d«ded* fti1)) /((ei > £>a^(0 > C,«)ei))ei(C,«)v(*(«,«))J*(« J t;) J 

i=l JBr-(O) JB r (0) ^2r J_B,.(0) 



39 Here, and in the following, by D2 we mean the derivative with respect to the second variable. 
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where e$ (i = 1, . . . , du) are the canonical unit vectors in M. du . This suggests to define 



2r JB r (0) 



du ip(^!(u,v))J^>(u,v); 



2r JB r (0) 



Notice that equation ( |3.6.9 ) and ( |3.6.5 ) imply 



J*(*-\x,y)) = J 3 H(0,x,H(x,0,y)) = (J 3 H(x,0,y)Y 



because H(x, x, y) = y, and 

J*(u, (as, 0, j/)) = J 3 tf (0, u, (as, 0, y)) = 

Hence, for each (x,y) € B r (0) x B r (0), 

1 

V{x,y) = - 

(3.6.10) 

^2r JB r (0) 

since L>2#(0, x, H(x, 0, y)) = D 2 H(x, x, y) and 



J 3 H(x,u,y) 
J 3 H(x,0,y) 



^ip^y) = — I du ip(u,H(x,u,y))J 3 H(x,u,y) 

Z 2r JB r (0) 

V?{x,y) = — !— / du Q l (x,u)ip(u,H(x,u,y))J 3 H(x,u,y)(e l ,D 2 H(x,x,y)e t ) 



(3.6.11) 



Let := £. ^ 



/ fipdm = [ f^dm-Y] [ df{V?)dm 
Jv Jv : Jv 



Lemma 3.6.5. There exists K > such that, for each <p G 2? 7 , <^ G C 7T '(V, E), ^ v G C 7T '(V, R d ) 
and 



Lemma 3.6.5 



is clearly the local version of what we aim at; we postpone its proof to the end of 
the section and use it beforehand to conclude the argument. 

To go to the global level the first step is to define globally (j} v and V v . Let x G C 2 (M 7 R) be such 
that X = 1 on V and x = outside B 2r {0) x B 2r C * (-B 3r (0) x B 3r (0)) C J7. Then ^ := X ¥ 
and := X V V are well defined on all of M, K " 1 ^ G X>a, X" 1 ^ G V/s for suitable K > 0, and 
since / is supported in V it follows from (3.6.11) that 



(3.6.12) 



M 



ftp dm = / f(f> v dm 



M 



df(V v ) dm 



M 



We can now conclude the argument by going back to our partition of unity. Given / G C 1 (A^, 1 
and f G T>/3 for each tjjk we have V k v such that 

JM k JM k JM JM 



A-f 



Af 



where 



X>fc^ + ^fc(^) and 1^:=$^^ 



□ 



40 Just differentiate the particular instance of (3.6.1), H (0, £, 0, y)) = H(x, ^,y), with respect to £. 
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Proof of Lemma |3.6.5 , From formula (3.6.10) it is clear that the supremum norms of the above 
test functions are bounded, more care is needed to control the Holder norms. First of all, as stated 
in (3.6.5), H(x,£,y) and J(x,£,y) are -r'-Holder in y and the same for D^H(x, t/).p] 

We discuss (f> v first. The idea is to see how the function varies when moving along the unstable 
manifold and when varying y. Since 

4> v {x', H(x, x', y)) = — I du cp(u, H(x', u, H(x, x', y)))J 3 H(x', u, H(x, x' , y)) 
^2r Jb,.(o) 

= 4> v (x,y)J3H(x',x,y), 



it follows 



\4> v (x,y) - 4>v(x',H(x,x',y))\ = \^(x,y)\ |1 - J 3 H(x',x,y)\ < C&Ux - x'\ , 



where we have used (3.6.1) and the fact that the Jacobian of the holonomy is close to the unity 
when the two transversal manifolds are close, see (3.6.7). Next, given y,y' £ M. ds , we can define 
a map G : K d " — > M d " by the stable holonomy H s between the unstable manifold of (x, y) and of 
(x,y'). Namely, for each point (£, H(x, £, y)) of the first unstable manifold we define G such that 

H s (^H(x^,y)) = (G(0,H(x,G(0,y')). 

The reader can look at Figure || to have a quick pictorial idea of all the quantities defined so far. 
Accordingly, 



y' 

H(x,Z,y') 

y 




r ' ""1 


W s (^H(x,^y)) 
/ W u (x,y') 










H(x,£,y) 














X 


£ G(0 



Figure 8. 



^(x, v') = ^-\ di v(G(0, H{x, G(0, y')J 3 H(x, G(0,y') JG(0- 

^2r JG- 1 (B r (0)) 

But |1 — JG\oc < C\y — y'\ T since the holonomy is close to unity and the distance between 
the two manifolds is bounded by \y — y'\ T Q By the same reason, since the stable foliation is 



uniformly transversal to the unstable one, ||G(£) — £|| < C \y — y'\ r . Using (3.6.5), (3.6.4) and 



(3.6.7) one shows that \ J 3 H(x,£,y) - J 3 H(x,G(£),y')\ < C\y - y'\ T . Then it follows, for each 



41 This last statement is nothing else than the -r'-Holder continuity of the unstable foliation. 

42 This time we have an holonomy between unstable manifolds, for this case the claimed estimate on the Jacobian 



can be found also in [[jit . 
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(x,y) G B r (0) x B r (0) with \y - y'\ < 6$, 
\fr{x,y) - 4>*{x,y')\ < 2CM 0o |y- y'f + I d£ \<p(£,H(x,£,y)) ~ v{H s {^H(x^,y)))\ 

Z '2r JB r (0) 

< 2C\ipUv - y'Y' +CH»{<p) \y - y'Y' 1 <3C\y~ y'^' ■ 

This clearly implies that the test function V is r'7-Holder with Holder norm bounded uniformly 
in ip G X> 7 . 

The study of the vectors V? is completely similar apart for the presence of the singular kernel 
0.;. To control it, we will use the following result. 

Sub-lemma 3.6.6. There exists a constant C > such that, for each 4> G L°° , 



1 

Z 2r 
1 

%2r 



B r (0) 



Qi(x, u)<j){u) du — 



B r (0) 



Qi{x',u)4>(u)du < C\i 



x — x I In \x — x' 



He 



B r (0) 



Qi(x,om^- 



B r (0) 



<C\y-y'\ T hx\y-y'\- X \^\oo. 



Proof. An explicit computation yields 

z£\Qi{x,u)\<c\\x-v\\-v*-v 



Z^^iix^-Qiix'^u 1 )] <C 



\\(x-u)-(x'-u')\\ 
i{\\x - u\\ d ", \\x' - 



for some fixed constant C . The estimate is then done by dividing the integral into two parts. In 
the first inequality one considers separately the integral in a ball of radius 2\\x — x'\\ around x and 
the rest (where — u|| > \\\x — u\\). 
This yields 



const \<j>\ c 



2||x-x'|| 



dp + const \(f>\ c 



J2\\x-x'\\ 



from which the wanted result follows. The other inequality is done in the same way by separating 
a ball of radius a||y — y'\\ T > |1 — G\oo around u with a large enough. □ 

The regularity of V? follows then trivially from the same arguments used to study <p ip an d by 



Sub-Lemma 3.6.6 



□ 



3.7. Proofs: Unstable seminorm. 



Proof of Lemma |2. 1.4 , In a sufficiently small neighbourhood U we can use the coordinates \& 
introduced in the proof of Lemma 3.6.2| , i.e. y) — (£, H(0, £, y)). Recall from Lemma 3.6.3 



that y)) = {(w, D 2 H(0, £, y)w) : w € R d "}. We can then construct a vector field basis of 

the type requested in the lemma as Vi o if?(£,y) — -^'$'({;,y)ei = (e i; D 2 H (0, £, y)ej). Note that, 
according to Lemma 3.6.3| and the regularity of the unstable distribution stated in (A.l), the vector 
fields C^Vi are in Vp for a suitable Co > 0. 

Consider now some ip £ C (M,R d ") with suppyj C U and < 1, H£(<p) < 1 which is C 1 

when restricted to any unstable manifold, and let V v := XliVi 1 ^- Then C~ 1 V V € Vp for some 
C > that does not depend on ip and, denoting U = ^~ 1 U, we have 

/ df(V v ) dm = J2 f (pi df(Vi) dm 

J M .. JM 



I ^(Z,y))d* (i , y) f(vd*(Z,y)))J*((;,y)dt;dy 
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In view of (3.6.2) the functions ifi o *£(£,y) are Lipschitz in the variable £, and in view of Lemma 

to £ . This allows to integrate by parts c 

(fa o y) (£, y)) /(*(£, y)) d^dy 



3.6.3 also J\l/(£, y) is Lipschitz with respect to £. This allows to integrate by parts obtaining 

d_ 



(3.7.1) 



where 



M 



df(V v )dm = - 



E 



E 



M 



f dtpi(Vi) dm - 



E 



M 



d(x, y )<Pi(Vi(x,y)) 
In particular, 



— fao#)(* 1 {x,y)) 



(3.7.2) 



E 

<=i 



and Ai := 







r d 



o \I> 



^(Vj) = div"(y> o$)o$ 1 := N — fa o o \1> 



In view of Lemma A. 3, not only j^loo < oo, but also iff (Ai) < oo. Finally, if Vi is a different 
basis then there must exist functions £ C r (A^,M), but C 1 when restricted to any unstable 
manifold, such that Vi = J2j a ijVj- Then the test vector field v u = YliVi^i can be written as 
v u = J2 3 <PjVj witn ¥j '■= J2i fi a ij- Thus 

E = E a v d( Pi( v j) + E da «(^f)v» = E di Pi( v i 

j ij ij i 

which yields the same formula only with different functions Ai. □ 



ij 



Proof of Proposition 2.3.2 (d[). Let h = IL,/ £ HjB. Without loss of generality we can assume 
that / S C 1 (A^,M.). We must show that the measure \Xh, locally^ conditioned to the unstable 
foliation, is absolutely continuous on ^-almost every fibre with respect to the Riemannian measure 
on the fibre with a density of bounded variation. So let U be a small neighbourhood on which, as 
in the last proof, we can use the change of coordinates \& from (3.6.8), and recall that U — . 
Since the maps x >— ► $f(x, y) for each fixed y are absolutely continuous with Jacobians close to 1 
which are Lipschitz in the variable x (see ( 3.6. 7| )), it suffices to prove the same property for the 



measure fih '■= fJ-h ° * an( l its conditional measures on the subspaces N y := {(x, v) e K 
y}. Hence we must show that there exists a constant C > such that for each ^eC'fl 
with supp(</>) c U, (£,y) h-> (f>(£,y), 

div u (<j>)(!;,y)il h (<%dy)<C- [ |0|d/2 , 



(3.7.3) 

where /i := /iriii- We will shortly see that this estimate implies for /2-almost every 



(3.7.4) 



div u (0)(e,y)(M) a K)<C-Hoo e C 1 



where (jih)y denotes the conditional measure of jlh on iVj,. This implies the announced absolute 
continuity of (p,h)y w.r.t. Lebesgue measure on N y with a density of bounded variation.^] To 
obtain ( 3.7.4 ) from ( 3.7.3| ) it is convenient to introduce some natural notations: let T u be the 

43 Globally, the cr-algebra generated by the unstable foliation is coarser than we intend it to be. For example, in 
the case of torus automorphisms, it contains only sets of Lebesgue measure or 1. 

44 To see it, denote by u the measure (fih)y on R d ". By taking a convolution with a smooth mollificr j E we have 
that u * j s =: u E is absolutely continuous with respect to Lebesgue measure dm on K d " . Moreover, u e converges 
weakly to u as e — > 0. In addition, 

J div((t>)du £ = J div(</>) * j £ du = J div(i^ * j s ) dv < C\(j> * j e \oo < C|^|oo- 

Hence the densities p e of u e with respect to Lebesgue are uniformly bounded in bounded variation norm. Accordingly, 
they form a relatively compact sequence in L 1 (R d "), Jl5| . Let p £ L 1 (R d ") be an accumulation point and {e^} a 



sequence such that limj.^ c 



that is pdm = du. 



, -Pill 
(f>p dm - 



■ 0. Then p e 



') and for each (j> £ 



') 



lim 

k — >oo 



4>p Ek dm = lim / rf> du, 



4>du 
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cr-algebra generated by the subspaces N y ; fi^ := Hh\^ the measure restricted to the cr-algebra T u 
(in our case this is simply a marginal of \Xh)\ C\ be the C 1 functions that are T u measurable; and 
by E M let us designate the expectation with respect to the measure fi. Clearly, in this coordinate 
free language, J 4>d(p,h) y corresponds to the conditional expectation | T u )(N y ). Finally, let 



us designate by 



I h,u 
Ip 



|ip(£«) the norms in the spaces L p (p,%)- Then 



|E Ah (div>|^)|^ u = sup E A «.^E A)l (div u ^|J^)) 



= sup E^ h (ip div" <j>) 

l*lf'"<i 
= sup E Ah [ip div u <p) 

= sup E Ah (div u (^)) 



< C- |^|oo / Hd/i , 

J(7 



where the third equality is due to the fact that the J 7 " measurable functions are simply functions 
of only one coordinat e (hen ce the obvious denseness of C 1 in the corresponding L 1 ), and the last 
inequality follows by ( 3.7.3 ). 

This proves that for each function <\> G C 1 there e xists a set A(cj>), fl(A((j>)) = 0, such that 
if N y £ A{4>), ( |3.7.4 ) applies. Since C 1 is separable, ( |3.7.4|) follows by standard approximation 
arguments. 

To conclude we are left with the proof of estimate ( 3.7.3| ). Let ip := <j) o^^ 1 . Because of the 
continuity properties of \& the vector field ip is of the type considered in the previous proof, and 
we define V v = £V ipM as there. Then £). dp t (Vi) ojfr = div u (<^ o *) = div u (0). 

Since /i/i = /Un.,/ is defined in terms of C k f (see ( 3.2. we start with the following observation: 
For v £ V f3 recall from Sub-lemma |3.1.l| that (R n v)(x) = A- 2 X^d T --xT~ n (v{T n x)) G V/j for 
n = , . . . , N where N was chosen such that (a ■ min{A u , \®}) N > 9A 2 . Hence, applying identity 
(3.1.4) repeatedly (for n = N), we get 



M 



M 



M 



fc-1 

E( 

i=o 



d(L kN f)(V v )dm=(A 2 X- N ) k I df(R k N V v )dm+ I f • V^A^A^ o T^ N dm 



where A V N denotes the distortion defined in ( |3.1.3| ) and where \J M df(R k N V v ) dm\ < C ■ \\f\\ u for 
all k > because C~ 1 V ip G Vp and Rn(Vp) C Vg. In the rest of the proof we will, for simplifying 
the estimate, assume that AT = 1 and A = 1 so that each integer n is trivially a multiple of N and 
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write R instead of Observing ( |3 . 2 . l| ) and (3.7.1), it follows that 



div u ((j)){^y) p h (d£dy) 



M 



dipi(Vi) djih 



1 ri—X 

lim - ]T 



n— »oo fl 



l 



k=0 

n-l 



I M 



E 



lim - Y \J k 

1 n—1 

= lim - y \J k 

k=0 



E 

1=0 



A,- 



lim — 



d<pi(Vi) C k I dm 
I d(£ k f)(V^dm + f C^y^Ai 

J M J M 

[ f-yx-j^oT 

JM , 7, 



I M 

" k ~ l dm 



1=0 
n-l 

E 

k=l + l 



dm 



C k f y p t A l dm 

J 

n-l 



C k ~ l f • Af v - dm - 



i r 

lim - y \; k / C k f y tpiAi dm 



M 



i=0 



dph 



J y ifiAi dp h 



where, for interchanging the sum and the limit, we made use of the fact that 



M 



f-\~ l Af V * oT k ~ l dm 



< a 1 ll/Hoo |Af < a 1 \BfVp\oo < Co 1 ||/|| c 



Since \A 1 



R'v v (x): 



< const • | VJp (T z a;) | < const -\ip(T l x)\ with a constant that depends only on the 



Jacobian g of T and on the vector fields Vi, it follows that the first integral is bounded by 
t f\<p\dp < const • J \(f>\ dp,. (Observe that ph has bounded density w.r.t. p and that p 



1-A~ 



is T-invariant.) For the secon d integ ral the corresponding bound follows fro m the boundedness of 
the Ai. This proves estimate ( 3.7.3 ) and concludes the proof of Proposition 2.3.2| ([d|). □ 

Proof of Lemma |2.7.1 . As usual it suffices to consider / G C 1 (A^,M). By definition there are 
g n G B such that 

||/-5n|L — > and Hmsup||ff n || < ll/H . 

n — >oo 

Since C 1 (A / 1,K) is dense in B, we may assume that g n G C 1 (A / 1). 

Our first goal is to estimate ||/|| s = sup^g-p^ J ftpdm in terms of ||<?n||s. To this end we 
approximate a given ip G Vp by functions <p p , \(p p G T>p, p > 0, which are such that H^((p p ) < K p 
for some K p > and | tp — (p p \ ^ < p 13 .0 Hence 

/ ipdm= (f - g n )p p dm + g n p p dm+ f((p-<p p ) dm 



<\\f 



,K p + 2\\g r , 



l/ll 



o/3 



so that, letting first n — > oo and then p — > 0, we see that ||/|| s < liminfn^oo 2||p n || s . 

Next we have to estimate = sup v eV ^ J df(v) dm in terms of ||<? n ||tt- We start with v G 

V p n C 1+Q (Af) so that C~ x div(w) G X> 7 for some C v > 0. Then 

df(v)dm = -J(f-g n ) div(v) dm + J dg n (v) dm < \\f - g n \\ w C v + \\g n \\ u , 

from which J <i/(w) dm < liminfn^oo ||(? n || u . If we can extend this estimate to all v G Vp, it follows 
that ||/|| u < liminf ?woo and hence ||/|| < liminf, woo \\g n \\ < 2\\f\\ . As we will have to 

work in local coordinates we end up with a weaker estimate || • | | < C || • || where C is a constant 
determined by a suitable smooth partition of unity, cf. Lemma 3.6.1 and the remarks thereafter. 
Since we are in dimension d = 2, there is a local C 1+a change of coordinates that straightens both 



45 If N > 1 one has to use the decomposition n = kN + j, apply the subsequent estimate with R jv instead of 
Rl , and treat the remaining j iterates separately — as we hav e done so often in previous sections. 

46 Such <fip are constructed similarly as in Sub-lemma fc.l.j , except that the construction was carried out for a fixed 
p. Again we can carry out the construction leafwise, which now means that we can deal with each one-dimensional 
stable fibre W s (x) separately. We parametrise it by arc-length and define (p p (x) := (2p) _1 fyys( x \ dt, where 

WHx) := {y £ W"(x) : d a (x,y) < p}. Then (p p is differentiable along each W s {x), so H"(ip p ) < K p for some 



K p >0,\<p- v3 p |oo < H%(<p) < (2P)! 3 , and \<p p e V 



0- 
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foliations simultaneously. Therefore it suffices to show that each vector field v(£,rf) — (p(£,T)) (J) 
with if £ Vp can be approximated in the L^(T 2 )-sense by C 1+Q -vector fields </?(£, 77) (*) with 
(p £ T>p. But this can be done by smoothcning (p with convolution kernels in both coordinate 
directions independently. □ 

We remark that in the case of linear automorphisms there is no need to pass to local coordinates 
in this proof. Moreover, instead of h<p £ T>p the same proof yields (p £ T>p (in the estimate of 
||/|| s ). Hence ||/|| = ||/|| for all / £ B in this case. Furthermore, also automorphisms of higher 
dimensional tori can be treated in the same way, because the averaging procedures that produce 
ifip and the C 1+a -approximations to v can can be easily adapted. 

Appendix A. On splitting and foliation regularity 

In this appendix we collect, for the reader's convenience, some information on the regularity 
properties of the invariant foliations in Anosov systems that are used in the paper. 

First of all, as already mentioned, for C 2 Anosov diffeomorphisms the invariant distributions 
(sometimes called splittings) are known to be uniformly Holder continuous. Let us be more precise. 

For each invertible linear map L let 9{L) := HZ," 1 !!" 1 . Wc define \\d s x T\\ = \\d x T\ E ° || , \KT\\ = 
KT|b-||, 6(d s x T) = 9(d x T\ E s) and 0(d»T) = 8(d u T\ E ^). Then the following holds (g, g§f[] 

• If there exists r > such that, for each x £ M, \\d s x T\\ \\d%T\\ T < 0(d u x T), 
then E s £ C T . 

• If there exists r > such that, for each x £ M, 0{d x T) T 9(d^T) > \\d s x T\\, 
then E u £ C T . 



(Al) 



Moreover the Holder continuity is uniform (that is the r-Holder norm of the distributions is 
bounded). The above conditions are often called r -pinching or bunching conditions. 

Remark A.l. Note that since the map is Anosov and C 2 we have sup\\d x T\\ < 1, inf 6{d%T) > 1 
and sup\\d x T\\ < oo. Hence there always exists r > for which the bunching conditions are 
satisfied, from which the announced Holder continuity follows. Moreover, if the stable foliation is 
one dimensional then \\d x T\\ = 6{d s x T), hence the corresponding bunching condition holds for some 
t > 1, that is E s £ C 1+a ; the same consideration applies to the unstable foliation. 

The next relevant fact is that the above splittings are integrable. The integral manifolds are the 
stable and unstable manifolds, respectively. They form invariant continuous foliations. Each leaf 
of such foliations is as smooth as the map and it is tangent, at each point, to the corresponding 
distribution, p5fl . In addition, for C maps, the C r derivatives of such manifolds (viewed as graphs 
over the corresponding distributions) are uniformly bounded, pl| ]. In our case this implies that 
the curvature is uniformly bounded. Finally, the foliations are uniformly transversal and regular. 
For our purposes we need to detail these last two properties more precisely. 

Lemma A. 2 (j25|, Proposition 6.4.13). Denote by W*(x) and W^(x) the e-ball in the stable and 
unstable manifolds, respectively, centred at x. There exists and e > such that for any x,y £ M 
the intersection W" (x) PI (y) consists of at most one point that will be called [x,y]. In addition, 
there exists a S > such that whenever d(x,y) < S, then W^(x) PI W^(y) ^ 0. 

In general it is also true that [•,•] is continuous where it is defined. The above property is 
sometimes called product structure. Given x £ A4, if we consider any smooth chart of its stable 
and unstable manifolds and, with an harmless abuse of notations, identify them with M. d and M. d , 
we can defi ne, in a (^-neighbourhood of x, the map T(y) = ([y, x], [x, y\). This is the map we use in 



section 3^ and it has the obvious property of transforming, locally, both foliations into a collection 
of parallel hyperplanes. By the above comments the map T is continuous but we need to know 
much more about its regularity. 

In the case in which both distribution are C 1+ ", it follows by Frobenius' theorem that the map 



r is C 1+a (see Lemma 3.3.1 or section six of |35|). If the splitting is only Holder the situation is 
more subtle. 

Probably for historical reasons the regularity of the foliations is usually stated in terms of the 
corresponding holonomy maps. Given a foliation T and two transversal manifolds Wi , W% , the 



47 In terms of the expansion rates used in the paper we have: ||cPT|| ~ A s ; ||ci u T|| ~ £t u ; 9(d s T) ~ fj, s and 
6{d u T) ~ A". 
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associated holonomy H\y 1 ,w 2 '■ Wi — > W2 is defined by {Hw 1: w 2 { x )} '■— F{ x ) H W2, where F(x) is 
the fibre of the foliation that contains x. We will call stable holonomy any holonomy constructed 
via the stable foliations and unstable holonomy holonomies constructed by the unstable foliation. 
The basic result on holonomies is given by the following p5|. 

• If there exists r > such that, for each x £ M, \\d s x T\\ \\d%T\\ T < 9{d%T), 
, . . then the stable holonomies are uniformly C T . 

^ ' • If there exists r > such that, for each x £ M, 0(d%T) T 6(d%T) > \\<%.T\\, 

then the unstable holonomies are uniformly C T . 



Thus the same considerations of Remark A.l apply to the holonomies 



The relation between regularity of holonomies and regularity of the foliation (in the sense that 
the local foliation charts are regular) is discussed in detail in |55], section 6]. Here we restrict 
ourselves to what is needed in the present paper. 

Consider any x £ A4 and a sufficiently small neighbourhood U such that Lemma [A.2| applies. 
Next choose a smooth chart and use it to identify all the tangent spaces with the tangent space of x. 
We will not distinguish between points on the manifold and corresponding points in the chart since 
this causes no ambiguity, hence from now on we will identify x with 0. We can also assume, without 
loss of generality that the hyperplanes E x := {(x,£)} are uniformly transversal to the unstable 
foliation. Then, for each two points (x,0), (z, 0) £ U, we can introduce the unstable holonomies 
H(x, z, •) : Y, x — > S z such that (z, H (x, z, y)) is the intersection of the unstable manifold of (x, y) 
with the hyperplane Yj z . Now (|A.2| ) asserts that all the maps H (x, z, •) are uniformly r-Holder. 

This it is not yet enough for our purposes: we need to talk about the Jacobian of the functions 
r and H . Since we use T only in the case where the foliations are C 1+a , no difficulty arises in this 
case, in fact the regularity of the holonomies implies that T is C 1+a in each variable and then it is 
C 1+a by [p3[.p^ The situation for H is in principle less clear since a Holder function may very well 
fail to have a Jacobian. Nevertheless, in our case H has a Jacobian and such a Jacobian is itself a 
Holder function, (33). 

The last information that we need is that the Jacobian of holonomies between close manifolds 
are close to one, they are differentiable with respect to z and the derivative is a regular test 
function. This last properties should be obvious to experts, yet we could not locate a clear cut 
reference applying directly to our case (typically unstable holonomies between stable manifolds 
are considered). Here is the sketch of a simple proof. Remember the change of coordinates 



\l/ 77) = (£, H (0, £, 77) introduced in section 3.6 



Lemma A.3. There exists a constant C > such that the Jacobian J(x, z, •) of H(x, z, ■) satisfies 
the property 

|1 - J(x, Z, -)|oo < C\x - z\. 
In addition there exists (3 1 £ (0, [3) such that, calling A4 o ^{z, y) :— d Zi In J(0, z, y), 

Hp,(Ai) < 00 . 

Proof. Considering instead of T a sufficiently high iterate, we may assume that the constant A = 1 
in (2.1.1), i.e. that T expands and contracts strictly along the unstable resp. stable leaves.^ Let 



S x = {(x, y)} y eB r (o) ■ As already mentioned J(x, z, •) is just the Jacobian of the holonomy between 
T, x and S z . Calling E x the tangent space to S x , and setting y' :— H(x, z, y), the following formula 
holds, |3l, 



(A.3) 



J{x,z,y) = [I r 

n=i det V- L 'l» i \(.D MQ T-«-)Ej 

/ 00 \ 

= exp ^ln(det(D s „T| (A6oT -« )B J) - ln(dct(D 2 „r| (Di()T -„ )B J) 



where, for convenience, we have set x„ := T _ "(x, y) and z n := T~ n (z, y'). 

Since (x,y) and (z,y') belong to the same unstable manifold it follows that d(x n ,z n ) < A~". 
Thus the problem of estimating the size of the Jacobian is reduced to the one of understanding 



48 In fact, the hypothesis of higher regularity is not really necessary since it is true that the Jacobian of F always 
exists and is Holder, B|. 

49 Note just that all powers of T have the same stable and unstable foliations. 
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the "distance" between the tangent spaces (D So T~ n )E x and (D Zo T~ n )E z . This requires a little 
preparation. First of all, as usual in the construction of stable and unstable manifolds, it is 
convenient to choose appropriate coordinates in the tangent spaces at the points x n . We will 
choose coordinates such that {(£,0) : £ G M d "} is the unstable subspace and {(0,77) : 77 S M. ds } 
the stable one. Clearly, by using such adapted coordinates, the maps D Sr T are all represented by 
matrices of the form 



A,, 






D, 



where H^^" 1 )! < A^ 1 and \\D n \\ < A s . Since we want to compare nearby matrices it is convenient 
to use coordinates related to (x, y) also for the quantities associated to (z,y'). To do so just use 
the exponential map to extend the above coordinates in the tangent space of x n to coordinates in 
a neighbourhood of x n . Clearly, such neighbourhoods can be chosen all of uniform size, hence if 
d(x, z) is small enough, z n always belongs to the corresponding neighbourhood. Since the above 
coordinates are uniformly smooth and the map T is C 2 it follows that the derivatives D Zr T are all 
represented by matrices of the form 



(A.4) 



4' 

c _ 



DL 



A n 

D n 



■■= (D- Z0 T~ 



l )E z 



where ||A„|| < cd(x n ,z n ). 

Using the above coordinates the spaces E x (y) := (D Xo T~ n )E x and E z (y) 
can be represented by d s x d s matrices, namely E x (y) — {(U n (y)-q , 77) : 77 e R ds } and E% = 
{{U' n {y)r},ri) : r) S R da }. The basic estimate on the above subspaces is given in the next lemma 
the proof of which is postponed to the end of the appendix. 

Sub-Lemma A.4. There exists a constant c > such that 

||C/„(y)-C/;(y)||<cA-"|x- 2 | 

By this sub-lemma it follows that there exists a constant c\ > such that 

|ln[det(D £ „T| E » (!/) )] - ln[det(^„T| B?(y) )]| < Cl \- n \x - z\, 



from which the first statement of Lemma A. 3 follows 



In addition, since each term of the sum in (A. 3) is clearly C 1 , the above estimate on the Lip- 
schitz constant is indeed an estimate on the corresponding derivative. In order to show /^'-Holder 
continuity of this derivative we note first the formula 



d z% In J(x,z,y) = - 5Aln(det(A))| A=D ^ T | B „ (y) • d z% (D- Zn T\ E:(y) ) 



71=1 



(A.5) 



^9 A ln(det(A))| A=D ^ TU „ (y) .^ 



n=l 



(v)M= 



dz n 
3 

dzi 



-d v (D Zn T\ E 



v )\V=U n (y) 



9K(v) 

dzt 



where Ey := {(Vrj, r/) : 77 S IR^ 3 }. Since the maps D Zj T\ E n^ are all uniformly invertible (because 
of hypcrbolicity), all the derivatives appearing in the above formula are well defined. Varying z 
the points zq move along the unstable manifold, by definition. It follows that 



dzf 



dz 



< c\~ 



and, together with Sub-Lemma A.4, this implies that the above series converges exponentially fast. 

Next, let x = 0, z := ^f(z,y), ( := *(^,r?) and, as before, y' := H(0,z,y), 77' := H(0, £, 77). 
Accordingly 



(\z-Z\ + \v'-j\)<cd(z,d 
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Now each term in (A 5) is clearly Lipschitz with respect to the variables z, y' with Lipschitz constant 
bounded by (ij n . It follows^] 

n 

\d Zi In J(0, z, y) - d 2i In J(0, & »?)| < £ CfijHW -r/\ + \z-£\) + CX^ 

i=i 

< cd(z, C) =: cd^C)' 3 ', 



where we have chosen n appropriately. 



□ 



Proof of Sub-Lemma A. 4. To start we need to obtain a recursive equation for the U n . Since 

A B\ (Ut)\ _ f(AU + B)r) 



C Dj{ v J {(CU + D) v 

it follows that the space {(Ur),rf) : r\ g R ds } is sent into the space {(Ur), if) : rj £ M ds } with 
t> := (AC/ + B)(CZ7 + i.e. U = {A - UCy^UD - B). Accordingly, 

U n = A~ l U n -iD n 

U' n = (A' n K^C'X^U'^D^ - B' n ) 
where Uq = Uq — 0. From this follows immediately (recall that we assumed A = 1) 

II £411 < K n K\ 

and, observing (A. 4), 

\\U n - U' n \\ < \\A-\Un-X - U^Dj+cdiXn,^) 

< A~ 1 A s ||C/ n _i - U'^xW +cd(x ni z n ) 

n— 1 

< c^(A.~ 1 A s ) l (i(x„_i, z„_i) 

i=0 

< const -A""!! — z\. 



□ 
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